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PREFACE. 



This little work was written with the view 
jof presenting in a simple and elementary way 
the fundamental properties of those transcendents 
which, in the ascending order of classification, 
immediately succeed elliptic functions. I have 
adopted as the basis of my investigations the 
following memoirs of Jacobi, " Considerationes 
generales de transcend entibus Abelianis" (Crelkj 
vol. 9, p. 394), ^^De functionibus quadrupliciter 
periodicis, quibus theoria transcendentium Abe- 
lianarum innititur" (Crelkj vol. 13, p. 55), ^^De- 
monstratio nova theorematis Abeliani" {Crelle^ 
vol. 24, p. 28), and of the greater part of these 
memoirs much of what appears in the following 
pages may be regarded as a free translation. By 
the employment of the method given in the last 
of the above-mentioned memoirs, I have con- 
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structed a trigonometry of the functions in que»* 
tion, by which the reader is introduced to the 
study of them in the same way as he has 
already become acquainted with the properties of 
circular functions by the formulae of ordinary 
trigonometry. Since the appearance of Jacobi's 
papers, the subject has received large develop- 
ments at the hands of Riemann, Weierstrass, 
and other distinguished mathematicians, and I 
venture to hope that what I have put together 
may invite the attention of mathematical students 
to the higher theories and more abstract prin- 
ciples of the German analysts. 

The perfect uniformity of treatment of elliptic 
and hyper-elliptic functions, by which their fun- 
damental properties are derived from the em- 
ployment of Jacobi's method, is shewn in the 
second, third, fourth, and fifth chapters ; the 
sixth chapter is devoted to an accurate exami- 
nation of those cases where the first class of 
hyper-elliptic integrals depends on elliptic func- 
tions, a question which appears, ever since the 
subject was started, to have been invested with 
interest, and the analogues of Fagnano's theorem, 
which I have given in the seventh chapter, bear 
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out the well-known analogy between conic sec- 
tions and the lines of curvature of an ellipsoid. 

I have to acknowledge, in the first place, my 
obligations to Mr. Cathcart, Fellow of Trinity 
College, Dublin, for the readiness with which 
he undertook the revision of the proof sheets, 
by which greater fireedom from typographical 
errors has been attained than could have been 
secured without such aid, and also for sugges- 
tions of which I gladly availed myself. 

I have also to thank the Board of Trinity 
College for their liberality ii^ contributing to the 
expense of publication. 

TiiiNiTY College, Dublin, 
June 21, 1871. 
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CHAPTER I. 



JACOBl'S PROOF OP ABEL'S THEOREM. 

1. The functions which I intend to consider in this tract 

are comprised under a remarkable class of transce^ents, 

namely, those whose differential coefficients are algebraic. 

The solution of the problem of their addition depends in 

general on the determination under an algebraic form of 

the integrals of a system of differential equations of the 

first order. Suppose, for instance, that we had no previous 

knowledge on the subject, we could derive the fundamental 

property of the function of x whose differential coefficient is 

1 . [^ dx 

- from the addition of two such functions. Let/{aj) = I — : 

X J I X 

uX CuX 

then the differential equation — - H ^ = has a transcen- 

X, a?, 

dental integral f[x^-\-f[^^ = c^ as well as the algebraic 
integral x^x^ = c'. The constants in either form are deter- 
mined by the supposition that we are acquainted with simul- 
taneous values of x^ and x^. If when x^ = ly x^ becomes a, 

we have/(aj,) -\-f{x^) =fifl)y ^A = ®? *^^ ^^ ^^^^ equations 
the whole theory of logarithms can be based. 

r* dx 

Again, let F[x)—\ , , and the addition of two func- 

tions of the form F[x) depends on the determination under 

B 
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an algebraic form of the integral of the differential equation 

- — S + ^ = 0, which is easily seen to be — * *- = c, and 

if a is the value of x^ when a?j=0, the transcendental equation 
-F(a?,) + i^(iBj)=-F(a) connects a;, and x^ by the algebraic 

relation — * ^ = a, and the whole theory of circular funo- 

1 - x,x^ ' '' 
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tions can be derived from this property. After this illus* 
tration of what is meant by the addition of transcendental 
functions, I proceed to the consideration of Jacobi's proof 
of Abel's theorem, which contains the solution of the problem 
of the addition of a most important class of transcendents. 

2. The analysis employed in this investigation involves 
some properties of rational fractions, which, in the first place, 
I proceed to demonstrate. 

Let [x - x^ (x - a?J...(aj - a;J = ^ (a?), 

let also i/r [x] denote any rational and integral function of x ; 
then, by the known theory of the decomposition of rational 
fractions, 

$i^ = ^ + 2^.-L- (1), 

where -4 is a rational and integral function of oj, if the 
degree of ^ (a?) exceeds w, or the number of the quantities 
a?,, a?2 ; ^* (a?) denotes, as usual, the first derived function of 
<^ (a?), and the sign of summation 2 extends to the quantities 

a? , a? ...aj . 

Now [ ^ 1 = I— i— r 

dM^dx^...dx^ (^ \x)) ~ {^ (a?)}* ' 
SO that operating with ^— ^ ^— on (1) we find 

{,^(a;)r dx,dx,...dx„^ ^fe. [(«-«',) {fK)r J' 



also 
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+ 2 



whence ^±^^1 - ^"^ I 3 -J— Ji^) 

1 d yjr (ajj 

J^^:^ ^. {<!>• (X.)}' • 

It follows from this last formula, that if . T ; A ^ be developed 
by descending powers of oj, the coefficient of — is 



d_ 

dx 






Now let 'it {x) = ^0 + ^i» + -^a^ +• • •+ ^»mHl^*^> 



then 



{0 {xW "" 






OJ 



IFIFITFI" 



and the right-hand side of this equation being developed by 
descending powers of x^ the coefficient of — does not appear : 

X 

so that when y^ (x) is of the degree 2m - 2 in a;, 

d_ Vr(a;.) 

3. I now propose to lay before the reader the manner in 
which Jacobi has determined the algebraic integrals of the 
following system of equations: 

dx^ dx^ 4. J. ^- 

V{/(a.J}"^V{/K)}"^--' 

x.dx^ 



^'^ +...+ 



x_.dx. 



= 



m m 



^/{f{^^)} V{/K)} 



viyw} 



= 






X ""'da; a; "^efo; a; ""'db 



• • * 



(2), 



where /(a;) denotes a rational and integral function of x of 
the degree 2m— 1. If the quantities a;^, «?,••• a?^) which 
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satisfy this system, are regarded as functions of an inde- 
pendent variable t^ we can put 

dt <^'(a?,) ' dt ^'{x^j >*""""» 

and if a,, aj...a,„^.i are the roots oi f{x) these equations can 
be transformed into 



^/{a^^x,) dt cl>'{x,) ' V(a,-a?J rfe f(aj,) ' '"' 

where '^ (a;) is a rational and integral function of x of the 
degree 2»i — 2, Whence, by differentiation with respect to 
tj we find 

d r 1 ^,| ^ V{(a,-a;,)^(a;.)} _^ V{^ (a;.)} 

„ V{«r - a:,) ^ (a;.) yfr (a;.)} j^^ 1 

the latter summation extending from a;, to x^ ; but we have 

d_ 1 1 

, 1 d r 1 dx.l 

_ 1 A '^('"a) J. -g V{Vr (a!,) V>- (a; ,)} «^-a!, 

-2^. {«^'(a',)r'^ K-a'Jf (a!jf (a>,) V{(a.-a:.) (a,-a;J} ' 

this last summation extending to x^j x^..,x^ i.e. to all with the 
exception of x^. Hence, taking the sum of all m similar 
equations. 



^ 1 dr 1 dx,i 

V(a, - X,) dt LVCa, - »,) dt J 



~ ^ ITT TjJT~Tri "T ^ — »/ /„ \ ii /„ \ 



2 - cte, {f (ajj}"' - f(a!.)f(aj,) V{(a,-a>,)(a,-«.)} ' 
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But ^It (a?) is of the degree 2w — 2 in x, so that we have 

S ^ i |_J__ ^1 



_ K. V{^ (^i) ^ (a^a)} 



= S 



Now 



*' (^,) f (ajj V(ar - a?J (a. - a?,) 



(3). 



1 ^ f 1 ^) _ 1 d\ 1 1 



- de ' 



and 2 






= S 



cZa?. cZa?^ 



(a^ - a?,) (a^ - ajg) rf< rf« 






2 L«r — a^i «r-a^2 



+ ...+ 



a — a? J 



1 \ \dt) . u<y/ . . UlLI 



so that equation (3) is transformed into the following : 



1 




dt) . \dt) . \dt) 



2 la,-a!, a,-aj. 



r t)l 



\dt) \dt) \dt) 

K-ajJ' (ar-*,)' ■" (a, -I'm)' 

+ +...+ 1=0 (4). 

Assume now 

V{0 (a,)} = V{(ar - aj.) (a, - «,). . . (a, - a;J} = e", 
which leads to 

'<?*« du^ 



^^^'^»M){ 



de "*■ <?«» 



}■ 



also 



du 
It 



1 ^ \dtj \dt) . . Vrf^ 



la -a?, a,-aJa 



r wi ' 
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d'u l\ \dt) \dt) \dt) 

de- 2l^3C^:^' + (r^'^'-*'(r^" 

d*x 




de 

whence, in consequence of equation (4), 

d^u du* _ 

or ^ -V, 

and by integration 

|v{^(a,)} = ^. (5), 

where A^ is an arbitrary constant; whence, since ^(a^) de- 
pends on t only through the quantities x^^ aJa'-'^m? ^^ ^^^^ 

^/{<l>M] r V{/(^.)} , V{/K)} . 

+ ••• 



L(a,-a!,)f(x,)-*-{a^-a:Jf 



K) 



+ V{;'(a>j} 






This last equation is an algebraic relation connecting the 
quantities a;^, x^...x^] and by taking for a,, any (m— 1) roots 
oi f[x\ we have (w— 1) algebraic equations which are equi- 
valent to the transcendental integrals of the system (2), and 
the equations obtained by taking for a^ the remaining roots 
of f{x) are necessarily involved in the (m — 1) equations pre- 
viously determined. 

if when x^ = a^ we suppose that cc^, x^..,x^ take respectively 
the values a^, ^g.^.a^j we can put 

SO that t vanishes for this system of values. 
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The equation (5) leads by integration to the following : 

and the quantities A,, B, can be expressed by means of 
o,, a^...a^ as follows: 

A- -g^r ^t/(«.)} , V{/K) , 
^'- 2 L(«'-a.)f(a.)'*'K-a.)fK)^*" 

■ V{/(«J} 1 

(«r-«Jf{«jJ' 
If a/ is another root of f{x) we can put 

so that from any two roots of f[x) we can derive an integral 
of the form 

A- V{* (a,)} - A V{^ («r')} = A'B^ - A A'- 

5. Since 4> («r)=(-^r^+^r)'j '^y taking any m roots of /(a;) we 
derive 7n equations linear in the sum, in the sum of products in 
pairs, and so on, of the quantities cCj, x^...x^ ; so that Sec,, ^x^x^^ 
&c. are all quadratic functions of t ; and if B (x) is a rational 

and mteffral function of a?, ,// ; + -r7-r~v +.*.+ ^^ , 4 is 
therefore a rational and integral function of ^, so that 
[R (a^t) dx^ . [Jg (a?J efe, [Bjxjdx^^ 

is a rational and integral function of t. Thus since 



a!." jb"' «■" 



+ TTT \ "r«»»"r "ITT \ — "^i •"•^a '•••'•' "^w? 



we find 



6. For the sake of precision of our ideas we shall sup- 
pose that the roots of/ (a?) are all real, and that the quantities 
a;,, x^.,.x^ occupy an interval terminated by two roots be- 
tween which none of the remaining roots intervenes. 
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It is important to observe that the equation 

gives us, according to the roots of f{x) which we select, a 
variety of algebraic expressions for t in terms of a?„ cc^.-.a;^, 

7. By putting 

1 dx^ 1 dx^ 

l-^nx,^{f{x,)]^ l+nx,^/{f{x,)}'^- 

we find 

1 1 1 1 ^ ^ y 

. (1 +ria?J f (a:,) "*" (1 +7^a.J ^' (o^J "*" 1+n^,, <^' (a:J " ' 

Now the left-hand side of this equation is equal to 

(l + wa?,) (H-na?J...(l + wa;J ' 

but from what has been already demonstrated we infer that 
the denominator of this fraction is a quadratic function of tj 
so that 

dx, 1 dx^ 1 dx„ 1 

' • ^ +...4 *" 



1 -f nx^ V/(aJ,) (1 + nx^) VA ^ + ^^m V/K) 

is the differential of a logarithmic or circular function of t 

If is a root of /(a?), (l + nx^)(l + nx,^)...{l-]-nx^) is 

the square of a linear function of *, and this latter differential 
expression becomes the differential of an algebraic function 
of t. 
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CHAPTER 11. 



APPLICATION OP THE GENERAL THEOREM TO THE CASE Wt = 2. 

8. In this case we shall assign tof{x) the form 

jr(l-a?)(l-i"aj), • 

whence «! = 0, o^ = 1, Og = 75 : kia supposed to be < !• 

To consider the differential equation 

dx^ dx 

VK (1 - X,) (1 - A»a>J} -^ VK (1 - X,) (1 - k'x;)] = ^' 

where we suppose that x^ and x^ are comprised between the 
roots zero and unity of /(a?), we shall put 

By these substitutions the above differential equation is 
transformed into 

V(l - A* sin* (9) "^ V{1 - A' sin"0) 

To apply the general theorem to the equation in this form 
we shall put A (^) = V(l - A'* sin'^), whence 

dt " sin'd - sin'^ » rf« sin"^ - sin*d ' 

and since 

V{<j^ (a,)} = sin^ sin<^, V{0 Wl = cos5 cos0, 

A(g)AW 
villas)} == j^« J 

g 
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we deduce from the supposition that when d = 0, ^ becomes 
cT, the following equations, in consequence of (5), 

d ,. ^ . ,. sinA cos^A (^) — sin^cos6A (<^) 1 

J- (sm 6 sin 6) = — Hra ^-n ^ ^= — = 5 

dt ^ ^' sm*d - sm'^ sin <t 

d , ^ ,. cos ^ sin 6 A (6) — cos 6 sin ^A (0) A (o-) 

J- (cos cos 6) = ^ . Vzi — =-iF^ — — = J 

dt^ ^' sin*d-sin'*^ ^intr 

d [ A(g)A(0) ] _ sin<^cos<^A(g)-singcosgA(<^) ^ . 
dt\ k' ]" sm'0-An'<f> ^^ "^^ 

If we put F{kj 6) = I — T^r , thesB three equations are dif- 
ferent forms of the same transcendental equation 

F{ky0)-]'F{k,<l>)=^F{k,a). 

9. Let G {k, 0) = {' 5i5^ then 

O{k,0)-\-O{kj<t>)-O{k,<r) = ty 

and when ^ = 0, ^ vanishes also. By integration with respect 
to tj and remembering that when ^ = 0, <^ = cr, we deduce from 
the equations given in the previous section the following : 

sin^ sin<ji sincr = — f, 

A (o-) 

cos COS© = r^— - t + C0SO-, 

^ 8m<7 

A {0) A (<^) = - i* cot(7«+ A {a). 

By substituting in the last two of these equations the value 
of t derived from the first, we find 

cos a = cos cos <^ — sin ^ sin <^ A (o-), 

A {0) A (0) = A [(T)+k^ sm0 s\n<f> coscr, 

whence we deduce easily 

A [0) A {(p) A (<r) = 1 — k^ + J{? cos^ cos0 cos<7, 

__ sin cos A (<^ ) -fsin^ cos^A (0) 
sin a- - rr^Qa^ (9 sb^ 

As the transcendental equation is reproduced by interchang- 
ing and (Ty and changing the sign of ^, the same processes 
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applied to the algebraic forms will give rise to the same or 
equivalent results. Hence 

cos ^ = cos o- cos ^ + sin a sin <ji A (5), 

A (cr) A (^) = A [6) - A;' slna sin0 cos5, 

either of which is equivalent to any of the equations already 
given, and derivable from it by actual calculation. 

10. If E[k,e)^{\{0)d0, 

Jo 

we find E{k^ 0) -^ E{k^ <}>) -E(Jc^ a) = I(? emO sin^ sino-; 

E (ky 6) is the well-known expression for the arc of an ellipse 
(counted from the extremity of the lesser axis) whose major 
semi^axis is unity, and whose eccentricity is k. 

-^ 1 d0 1 d4> 



(1+ w sin"^) A (0) (1 + n sin»0) A [<f>) 

ndt 



«^ > 



1 + w (sin*^ + sin*0) + w' sin*5 sin''^ 

and since sin' 5 sin'6 = . , , 

^ smV 

we find sin'^ + sin'^ = sin*(r + 2 coto-A (cr)«+ Ai*^, 
so that the above differential expression becomes 

ndt 

T 
1 + 71 Sin cr + 
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2n cotcrA (cr) «+ 1 nk^ + -r-a- ) «"* 
^ ' \ sm o-y 



and if we put n{n,k, 0)=: j^ ^-^^^^y 
we find, by integration, 

n (w, *, 0) + n (w, «, <^) - n (w, a, o-) 

/ ( n 1 * -1 V{^(^-H)(^+^')} sing sin0 sin<r 

"" y l(w+l)(«+Aj*)| 1+w sin*<7— w sin6^ sin^ coso-A(o-) 

«. /i ^ 1 f -1 V{n(n+l)(n-f A")} sin ^ sin <^ sino- 

~ V ((wTl)(n+A^j 1 + w — n cosg cos<^ cos<r 

The circular function becomes logarithmic if the quantity 
under the radical is negative. 
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If n*-*", 

n{-k*, k, e)+n{-k\ k, ^)-n(-*«, a, <r) 

A* siiid simf) smo* 

-" A(«)A(^)A(<r)- 

12. The functions JF'(A, 0), ^(A, 5), n (w, *, ^) are known 
in analysis under the names of elliptic functions of the first, 
second, and third kind respectively. is called the ampli- 
tude of the function, k its modulus, and the additional element 
n which enters into the third kind is called the parameter. 
If the amplitude is a right angle, the function is then called 
cornplete, 

13. JacobVs notation. If u = F{ky 5), then is denoted 
by the symbol am{u). Thus if 

v = F{kj(l>) and F{Jc^ 0)+F{k^ (l>)=F{Je^ a)^ 

then cr = aw (w + v) and the value for sine given in section (9) 
is expressed as follows : 

Qmam{u + v) 

smam [u) cosa7n(v) Aam (v) + sinam (v) cosam {u) Aam (u) 

I — A^ sin'* aw [u) sin* aw {v) 

If o- =s ^TT, F{kj cr) is denoted by K] the functions w, v, 
connected by the equation u + v = Kj are called comple- 
mentary functions ; the amplitude of v or of K— u is called 
the co-amplitude of u^ and denoted by the symbol coaw («) ; 
and the following equations are easily deduced from those 
already given: 

f . cosaw (u) • , . V(l — k^) sinaw (u) 

smcoaw iu) = — — — ^V ? coscoam (u) = -^ — t-t — ^-^ , 

^ ' Aam[u) ' ^ ' Aam{u) ' 

tan aw (u) tancoaw [u) = -jtz — pr , 

Aam {u) Acoam {u) = V(l — Aj"). 

The comparison of elliptic funetions of the second kind is 
written under the following form: 

JEah {u) + jBaw [v) — JEam {u + v) , 

= k^ sin aw (u) sin am (v) sin am (u + v). 
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CHAPTER III. 



APPLICATION OF THE QENEBAL THEOREM TO THE CASE m - 3. 

14. In this case we shall assume 

f{x) =x{^.-x){l-l^x){l- k'^x) (1 - «"»«), 

and shall suppose that k*, k", k"* are all unequal and greater 
than zero, and less than unity. The roots of f{x) are then 

o, = 0, a,=J, as = ;?> «* = ^'> """"i?^** ^ propose to de- 
termine the algebraic forms of the integrals of the simul- 
taneous differential equations 

^1 . _^_ . _J^L__o 

V{/(a^.)}^V{/K)}^V{/(a>Jl-"' 

x,dx^ ^ x,dx, ^ x,dx^ ^^ 



'^{n^.)} V{/(a'.)} V{/(.r.)} 

when x^y cc^, a?g are situated between the roots zero and unity 
o{f{x). Let us put x^ = sin'0, x^ = sin'*-^, x^ = sin*;^, 

A (^) = V{(1 - «'* sin» (1 - k" Bin'<l>) (1 - k'" sin"0)}, 
and the above system is transformed into the following 

d<f} dy^ ^X _A 

sin" <l>d4> sin'* '^^^ sin" x^X _ a 

15. Let us designate | -r-^ by the symbol L (<j!)), or by 
L {kj k\ k\ ip) if wc wish to put in evidence the elements 
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APPLICATION OF THE GENERAL THEOREM 



Kj k\ «", and let M[(f>) or M{k^ k\ k'\ ^) denote I !\ > . 

If when ;^ = we suppose that ^ and yjr become respectively 
<r and t, we are led at once by integration of the above 
system to the transcendental equations 

M{<f>) + Jf (i^) + Mix) -Mia)- M{t) = Ol 
16. Since V{— ^ W} = sin^ sin^ sin.^, 



(6). 



and 

if we put 



V{^ (aj} = cos<ji cos-^ cos;^, 



dt "" (sin'*^ - sin'*'<|r) (sin*^ - sin^;^) ' 
dt (sin^ '^ - sin* %) (sin^ -^ — sin^ 0) ' 

the general theorem leads to a pair of algebraical equations 
equivalent to the transcendental system (6), by equating 
the differential coefficients with respect to t of sin ^ sin*^ sin;^ 
and of cos<^ cos^^ cos;^ to the values which they assume on' 
substituting in them <7, t, for 0, -^j x respectively. By 
this process we form the algebraic system 

sin-^ sinx coa<f>A (<^) sm;)^ sin^ cos-^A (i^) \ 

(sin*^ — sin'''^)(3in'*0 — sin*'';^) (sin^-^lr — sin'*;^;) (sin*-^ — sin**^) 



+ 



sin^ sinylr cos%A (%) _ 1 



(sin';^ — sin^^)(sin'*;^ - sin*'<|r) sin o- sin t ' 



sin^ cosyfr cos^A (<^) 



+ 



sin-i/r cos% cos<^A {yjr) ) 



(sin*^ - sin^i|r)(sin'*0 — sin*;^;) (sin^ - sin*;^)(sin^i/r — sin'*^) 
sin% COS0 cos-^A (x) sinr costA(o-)— sine cob(tA{t) 



+ 



[sin^X"^^^^) (sin'^X-sin^'^) sin o- sin t (sin* <r — sin'* t) / 

(7), 

and these equations contain the entire theory of the addition 
of the first class of hyperelliptic integrals. 



TO THE CASE m = 3. 16 

17. Let N{<l>) or N{fc, ic\ k", <f>) denote f ^^^^ ; if the 
transcendental system (6) holds, then 

N{<l>) + N{ylr)-h N{x) - N{<r) - N{t) = t. 

18. Since -r- (sin A sin^lr sinv) = -^ ; — , 

dt^ ^ ^ ^^ sincrsinT^ 

d , , , . sin IT cos o- A (t) —sin T COST A (<r) 

jf- (COS0 COSlIr cosy) = : . / » -« J-«— n" — ^ i 

a^ ^ ^ ^ '^^ smo- sinT(sm V — sm t) 

by integration with respect to t and remembering that this 
quantity vanishes for % = 0, we deduce, on putting 

sino- coscrA (t) - sinr cost A [a) 
^ ' ' sm V- sm T ' 

^=:sin^ sin^ sin;^ sin<r sinr 

, , tv (o-, t) 

cos© cosy cosY = -: — ^ \ ' +cos<r cost, 
^ ^ ^ smo- smT ' 

and by substituting in the last of these equations the value 
of t derived from the former, we find 

coso" cosT=cos0 cos-^cos;^— sin^ sin^ sin;^V (<r,T)...(8). 

The transcendental system (6) is unaltered if we inter- 
change and (7, '^ and t, and at the same time change 
the sign of % ; on treating in a similar way the equation (8), 
we arrive at the equation 

cos^ 008*^= coso- COST cosx+sino" siuT sin XV (^j '^)—(9)) 

and the equations (8) (9) are equivalent to the transcen- 
dental system (6), or to the algebraic system (7), and are 
derivable from it by actual calculation. 

The quantity V («^j t) can be written also under the form 

coaVcosV(l-/^/irV^'sinVsinV)-(l-/c')(l~0(l-/g^^')sinVsinV 

sin (T cose A (t) + siuT cost A (<r) 

19. If we eliminate % between the equations (8), (9), there 
results 

sin'o- sin'T [v (<^} '^Yi^ - sin^^ sin'*'^ [V (<r, t)]* 

= QOB^<l> cos'*'^ — cosV cos"t (10). 



16 APPLICATION OF THE GENERAL THEOREM 

If we multiply the first eqnation of the system (7) by 
cos^ cos'^ coBXi and the second equation of the same system 
by sin^ sin*^ ^^Xj ^^d add the results, we derive, in con- 
sequence of (8), the following 

sin 2^ Bin2xA(^) sin 2^ sin2xA('^) 

(sin"^ — sin*-^) (sin*^ — sin*^) (sin'-^— sin*x)(sin*'^ — sin*^) 

sin26 sin2'^A (y) ... 

(sm X — 8m'9) (sm^x "" ^^ y) 
If ^ = ^TT, this equation gives 

tan^ tanf tan<. tanT = ^^^^_ ^^ ^^ j^^,^^^_^,,^^ ...(11). 

By solving for sinX) cos^ from the equations (8), (9), we find 

cos*0 cos*'^ — cos'q- cos't 

^ sin^ sin'^ coso- cosTv(o-,T)+sino' sinr C08<^ cos'^vC^j'^) * 

__ sino- coso" sinr cosTV(<^,'^)+sin^cos<^sin'\^ cosyfty^ (a'^r) 
sin0 sin*^ coso- C08Tv(o',T)-|-sino' sinr cos^ cos-^vt^j*^) * 

and these equations give us, by taking into account the 
relation (10), 

_ sino- sinr cos<^ cos'^v(^,'*^)- sin^ sin-^^ cose costv(o'jt) 
^ "" sin'o- sin'^T [y (<^j '^)]* + cos^^o- cos't * 

_ cos<^ cos-^ coscr cosT+sIn0 sin-*^ sino- sinTv(<^,'^) V{o'jt) 
^ "" sin" a- sin' t [v (0, '^)]' + cos' a cos' t 

The denominator of the last expressions can be written under 
the equivalent form sin'^ sin'-^ [v (o-, t)]' + cos'^ cos'-^, and, 
on dividing one by the other, we find 

_ tano- tan TV (<^, '^) — tan^ tan-^v {<^j t) 
'^ "" 1 + tan<^ tan-^ tano* tanry (0, V^) V (<'') t) ' 

and from this equation the following are easily seen to be true : 
<f) = tan""* (tano- tanrv {'^^ %)} — tan"* (tan-^ tjm^V (<7, t)}, 
yfr = tan"* {tano- tanrv (x? ^)} "" t*^"^ {**^X tan^v (^) t)}, 
X = tan'* {tano- tanrv (^j V^)} - tan"* {tan^ tan-^v {<^} t)}, 

and any one of these is necessarily involved in the other two. 



." 



TO THE CASE 7«=:8. .17 

20. If X = i^) *te transcendental system 

i(0) + L{it)^L (i^) - L ((r)-. Z (t) = 0, 
ilf (<^) -f J(f (Vr) + Jf (iTT) - M {a) - Jf (t) = 0, 
can be replaced by the algebraic system 

V{(1 - O (1 - /«") (1 - O} tan<^ tan Vr tancr tanr = 1, 

V (0, ^) V (0-, t) + v{(i - O (1 - O (1 - Ol = 0. 

21. The following equations connecting <^, ^, x? ^> •"■ a^© 
easily deduced : 

coa<f> COST = coso" cos*^ cos^ — sino" sin-^ sin^V (^j — t), 
cos^ co8cr = co8T COS0 cos^ — sinr sin0 sin^V (^, - c), 

sine sin-^ cos^^ (x) sine sin^ cos-^A ('^) 

(sin^X — siiTi^a){Bin*j^ - sin*-^) (sin*-^ — sin"<r)(sin*''^ — sin^x) 

sin -^ sin x cos a* A ( e) 1 



(sin'* o- — sin* yjr) (sin* <r - sin* x) sin sin t ' 

sine sin r cos^A (%) sinr sin^ cose A (e) 

(sin* X "■ sin* e) (sin* ^ — sin* t) (sin* e — sin* x) (sin* e - sin* t) 

sine sin X COST A (t) _ 1 

(sin* T — sin* e) (sin* t — sin*x) sin sin -^ ' 

sin2e 8in2TA (x) sin2e sin2xA (t) 



(sin*x — sin*e) (sin*x — sin*T) (sin*T — sin*e) (sin*T — sin*^) 

sin2T sin2yA (e) , -» . 

— r^-z — «— x-/ • 2 -^-M-N =4 cot0 coty, 

(sm e — sm t) (sm e — sm x) 

and many similar equations will readily suggest themselves. 

22. The algebraic forms of the transcendental system (6) 
derived from the roots — , -75 , -775 of /(a?) are really involved 

K K K 

in the equations already given : but their deduction by this 
method would require troublesome and difficult calcula- 
tions; and the readiness with which they are derived from 
the general method constitutes one of the greatest ad- 
vantages attending the form under which Jacobi has pre- 

D 
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26 APPLICATION OF THE GENfi&AL THEOBEM 

As in the values of 

8in"^+sin*'^+ sin*x and of sin*^ sin^-^-l- sin'^ sin*x+sin'^ sin*^ 

the quantities k^ k\ k" enter symmetrically, it appears that 
we might have employed for their determination equations 
(8), (9) along with either of the equations derived from 
(13), by interchanging k and k\ or k and «"; which equa- 
tions are thus shewn by actual calculation to be involved 
in equations (8), (9), (13). 

28. Let us put 

and we find 

j^.sin'^*5cos^A(^)' 

= ^ {{2m-l)-2m{\+F) am*0 + [2m + l){F+G) tm*0 

-(2«i + 2) (G + H) am*0 + {2m + S)HBm*e}j 

80 that the integration of -^^ can be reduced to depend 
on the integration of 

mT^ede siiT^edd &m*^0de mr-^edo 

^{0) ' A{0) ' A{0) ' A(5) ' 

1 ,^//,v [^sin^0d0 r^sm'''0d0 , 
and if we designate by Q {0) I ^ , j ^^ de- 
pends on the functions L{0)^ M{0)^ N{0)^ Q{0). 
If we suppose that the system (6) holds, we have 

<2 W ^Qifh Q{x)-QiF)-Q W =/(sin»^+8in't+«n''x) dt, 
and by substituting for sin'*^ + sin**-^ + sin^^ ^^^ valuQ already 
found in terms of ^, the right-hand side of this equation 
becomes 

(sinV + sinV) t - X^fllL f + !£!^ t\ 
^ * smo- smr 3 

on Tr i. AT/ ia\ f^ tan" 5 Bm^0d0 

29. If we put N'{0)^j -^^ , 

we have P(- 1, ^) = i (0) + M{0) + N' (0) ., (19), 



TO THE CASE »re = 3. 27 

but by differentiating tan^A (^, we deduce 

-Tn tan^A {&) = ^ . 

da ^ cos a A {0) 

- |5^ {F-2G an*0 + ZHsm*e}, 
"whence, by integration, 
P(- 1 , ^ = tan M {0) + 2FM{0) -(2G + H) N{0) 

-i-{F-G-^H)N' {0) + ZHQ {0), 

whence, eliminating N'{0) between this last equation and 
(19), we find 

(1 -«*)(!- k") (1 - «"*) P(- 1, 0) 

=={F+G- E) M {ff) -{F-G-i- E) L{0)- {2G+H) N{0) 

+ SHQ {0) + t&n0 A (0). 
30. We find 

,£ f aing cosg V{(1 - /t" sin'g) (1 - k"* sin»g)} 1 
" d0'l V(l-«'8in»^) J 



A(^) 
sin"^ 



- k" {k* (! + «'« + k"») + «*(«'« + «"» + /e'V*) - «"«"»} ^ 

+ K* {2k' (k'» + «"« + *>"«) + «'V"} 1^ 

sin^ _ (l-/r^)(^-0(^-0 1 
-d*«« ^^^j l_/e«8in'e A(5)' 

whence PC-k", 0) is made to depend on L{0\ M{0), N{0), 
and Q {0) by the jformula 

(1 -«»)(«'-«")(«*- O ■?{-«*) ^ 
= {«*(! + «'» + «'") -«'(«'» + «'" + «"*"») + «'V~} L {0) 
- ^ {k* (1 + k" + O + «»(*'» + «'" + «"«"») - «V"} iW (^) 
+ «* {2«» {k"' + «"^ + «V") + «"*"»} iV(d) 

(20). 



28 



APPLICATION OF THE GENERAL THEOBEM 



.a 

a 
'So 

s 

1 



g 



a 

o 

•T3 






I 






I. 



g 



6^ 

c5 g 



o 

00 



.0? 



I 



I 



I 



M 



I 






CO *^ 
I 



OS 



As .a 






•i 



< 



I 



M 



.a 

OB 



oo 



a 

o 

nd 
0) 

a 



OQ 



.a 

OQ 



OQ >2 

I ^ I 

^ 1-4 



< % 



I 



OQ 



CO 






I 



OQ 






I 



a 

OQ 



•i 

OQ 



> 



OQ 

It 

I 



b 

.a 

OQ 



id 

I 



"9 r 

OQ ^ 

9 t 

I - 

OQ 



I 





OQ 



I 



> 



00 

N 

I 



OQ 

I 



d 

OQ 

w 

I 



2- 
< 



CO 
I 



^ M 



d 

OQ 
I 



OQ 



I 

1-1 

> 



ra 

QQ 



I 



<5i 
"d 

OQ 

I 



+ 



"d 

OQ 
I 



+ 



b 

OQ 

o 



OQ d 






O 

OQ 



+ 



+ -< 






d 

OQ 

b 

.g 

OQ 

d 

CO 



d 

OQ 

.S 

'oQ 



"oQ 

o 



II 






'^p 



'^ 



d 



'T5 
d 

09 •«-• 



etf 



CO 
I 

M 



+ 



^ + 

fr 7 

O Hs 

t 

09 



p 



II 



TO THE CASE »l = 3. 



29 



CO 

a 

OQ 



OQ 



e6 

QQ 

b 



Cm 



"a 

d 

o 



s 

to 

Q 

O 
»^ 



d 

c8 



5< 

d 
08 



§ 



§ 



I 



OQ 



<o 



d 



>l-4 I 



b 

d 



I 



d 
ce 






•f-i 

CD 

I 



.g 

OQ 



"d 

OQ 



+ 



> 



2? 
I 



d 

m 

M 

I 

1—1 

'^ 

W 

d 
•1-4 

K 

M 

I 

d 

I 



d 

OQ 



I 



-^ -^ 



§ 



<3 



> 



.g 

OQ 

I 



b 

•i 

OQ 
J? 

J 



I 



.a 

QQ 

I 



"d 

OQ 



I 
> 



^ 



+ 



d 



2: 



d 

OQ 

b 

d 

OD 

d 

QQ 

a 

OQ 

d 

• »« 

II 



00 d 

•2 -S 

d ^ 

d ^o 

O I 

Z " 

d "ie 

d I 

a " 

S J^ 



OQ 

09 



1 

d 

I 



01 



OQ 



o 
o 






d 

OQ 

N 

I 



II T 



^ 



o d 

8 ^ 

O ^ 

•S .tj 

o A 
b A 

OQ "'^ 

OQ < 

OP ci 

d ^ 

QQ 

OQ ^ 

d ^ 



CO ^ 



"d 

OQ 

+ 



II 



.a 

OQ 



•>3 



s 

73 'ss 



.a 

OQ 

I 
> 



•>3 



:a 

OQ 

+ 



i 



0) 

% 

^ II 
§ -^ 

OQ -^^ 

ft § 

• d 

V ts 

V * 
- S 



I 

II 



•>3 



rg 

OQ 



d 

OQ 

N 

I 




I 







> ^ 

OQ 

+ 



I 

II 



q:> 



30 APPLICATION OF THE GENERAL THEOREM 

where a =-j^ , ^ = ttt-J —n—y —p^ ^ ^^ 

than onitj, and «" > -^-^ — t '- > -^ — =;; '- . Since, when 

0=0, ^ becomes ^tt, we deduce 

f • {a + /5 Bin' e)d9 _ f »» (a' + /3' 8in*<^)(?(^ 

j. A («, «', «", 0) - j^ f V(^--i»') VK--0 ) 

(21), 

whence 

/•»» (a + j8 8in'' fl)Jfl _ f*» (a' + /3'8in'.^)<a^ 

^1 ^ ' A' '*'9'j- 
(22), 

,„a z{^^i^,V(^),.w}, 

^{^(^,V(^W)^,,^j 

can be expressed by 

L («, «', k", ^tt), 2i (/e, «', k", ff), if («, «', k", ^tt), if («, «', «", fl). 



33. We have also 



."* 



A («, «', «", 6) 
d<f> 



k"' (1 - «"» sin"^) . fV(«"*- «■) V{/c"^^/e^ 7TT 
1 sin'0c?0 

^ t k ' k' » * ' '•j 

■^ ;?* ()r" V , ( Vk^'^-*'') v(/^"'-/c") TTT"*^^^^' 

^ t it ' " k' '*'?*} 



so that P 



{- «"*, 



<tO THE CASE «t = 3. 



V(«"'-*») V(/c"»-0 „ 



31 



, «", *} 



depends on 

L(K,K\K",iir),L{K,K',K",e), Jl/(«,«',«",i7r), Jf («,«>",e), 

iV(«, «', «", ^tt), JV(*, «', *", 6), 

and it follows from (20) that Q («, x', /c", 0) depends on 
i («, «', «", e), if (ie, «', «", fl), ^■(/e, «', «", tf), 



{■ 



k 



k' 



t «"> M 



34. If X denotes a:(l-a!)(l-/«»a!) (1 -/e^a;) (1-K"''a;), 
since we suppose that k" >k'>k^ it follows that for all values 

-ao too 



of X increasing from 



1 to 



k"* ) J^ is negative; while 



— to — 



'* *" k" 



, to 1 



f/2 ^^ "^ 



for values of x increasing from ( k'^ k 



Let us put 



1 , 

-s to +00 

" if 



X is positive. 






fa + ySaj) da? 

" V(-X) 



'^»-j. V(-X) 'M_. 



(a H- ^7^ dx 

V(-^) ' 



, _ /•' (g + /8a;) <fe , _ f* (a + ^x) dx ^_f (a + fix) dx 

''-}, V{X) '^*-j^^ V(X) '^--jx vw ' 

the limits of these integrals being such that between them 
X retains the same sign; a and fi denote arbitrary quan- 
tities. The superior limits of I^y /g, /^ are thus respec- 
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34 APPLICATION OP THE GENERAL THEOREM 

S7. If we assume x + z^xn, and put 

Z= « (1 - z) (1 - Id'z) (1 - k'V) (I - k"'z), 

rr l{Z\ 

we find Z+ . vg = 0, whence V(- -?) = -773^5 » a»d i^ 
we regard VC— -3^) and V(^ as essentially positive, for values 
of « which are less than unity V("- -^) == /t _ \s > and for 

values of « which exceed unity V(— -^) = 7 — ^4 • 

If then we express the differential ^^ — j-. — ^ — in terms 

of Zj we find for values of z^ which are less than unity, 
the formula 

(a + fix) dx __^{a + ^) z — oi y 

and for values of Zy which exceed unity, the following formula 

(a H- I3x) dx _^a — (a + fi)z 

V(-X) - Vl-Z") 

38. To apply these formulae to the reduction of the in- 
tegrals Jj, /g, /g to the normal form ; namely, 



/; 



{l-hmsm'0)dd 



V{(1 -/ sin^^) (1 - 2« sin^^) (1 - r' sin^^)} ' 

we must observe that when cc = ± 00 , then z = l' when a? = 0, 
then « = 0; when a; = l, « becomes ±qo; and when x takes 

the values -2 j -75 > -775 5 the corresponding values of z are 

iv /b AC 

39. As in /, X ranges from - oo to 0, the corresponding " 
values of z are included between 1 and ; hence 

_ f' ia + fi)z- a _ /•' a-(g + /3) z 



TO THE CASE W = 3. 35 

and putting z = sin*^ or a? = - tan^^, we find 

i. V{(l-'^8m"^J(l-A;"'8in*^)(l-A:"«sm''5)}*""^ ^' 
and since k>k'> k" hj assuming k taa6 tan^ = 1, we find 
I=— r {(«/«:' + /3) 8in> - /3M<^ 

' *'*"-'»y/|{l-A>8in''^)(l-^sin>)(l-^'Bin''^)}* 

40. As in /g a; ranges from 1 to -77^ , the corresponding 



K 

1 



values of ;2f are + oo and p^ ; so that the values of z cor- 



1 



responding to the values of x being greater than pj^ ^ 
we have 

and between the limits Z preserves the sign +• 

The value of /g is therefore derived from the expression 
for /g (26) by changing the limits of integration in this ex- 
pression from <l> and ^tt to and ^, and by writing in it 
A, k\ h" respectively in place of k\ /c', ac, and for a and /8j 
— a and (a+^S) respectively. We find thus 

_ J_ r* {« + /3-aA;^^'sin"0}rf<^ 

'"** y|(l.A:-sin»(l-^ sin^) (l - ^l' sin-<^)} ' 

cosec (fc 1 

where z ^j- , whence x = i^Ij^ttt-^ • 

41. As in /j a; ranges from -^ to -^ , it is expressed in 
terms of z by the integral 

/•• {«-(a + /3)g}<fe 
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CHAPTER IV- 



ON THE PERIODICITY OF THE ELLIPTIC INTEaRALS. 

42. In this chapter we shall have occasion to refer to 
the notation and formulae for the addition of elliptic func- 
tions, which are given in Chapter II. If the moduli A;, k' 
of two elliptic functions of the first kind are connected by 
the relation A;^ + A;" = l, such moduli are said to be com- 
plementary, and the corresponding complete functions are 
denoted respectively by the symbols K^ K\ Now if in the 
elliptic function F[k^ '^) we put sin'^ = « tano), where 
i = V(— l)j it is transformed into iF(A', ©), so that if in any 
of the algebraic equivalents of i^(^, ^)+i^(i, '^)— i^(A;, (r)=0 
we put sin'^ = i tano), we deduce an algebraic equivalent to 
the equation i^(A, ^) + iFi^^ «) - F\Jc^ <r) = 0. The rela- 
tion between '^ and od can be written under the forms 

cos-ursssecG), v(i — «^ sm vr) = — ^^ -. and is ob- 

^ ' ^ ^ COSO) ' 

viously reciprocal. Thus it is easily seen that the last men- 
tioned transcendental equation is equivalent to any of the 
following equations, see Chapter II., section (9) : 

COSO- = cos^ sectt) - i sin0 tanco V(l — ^ sin'o-), 

COS0 = COSO- seco) + i sino* tan© \/(l — A" sin''^), 

V{(l-A;"sinV)(l-A'^sin»ft))(l-A:«sinV)} ,,, ,, , 

cos® ^ 

which lead to the following : 

COS0 = COSO- cosG) + i sin<^ sin© \/(i — ^ sin^o-), 
cos 0- = cos cos ft)- * sino- sino) V(l — ^'^ sin'*^), 

V{(1— >fc* sin''^)(l— A;"* sin'*a))(l-A;* sinV)}=7c'^ 008©+^*'* cos^ coso-^ 



sec a> COSO-, 
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and all these equations are different modes of writing the 
same relation between ^, 6i, and o*. To deduce an algebraic 
equivalent to the equation 

it is sufficient to put a> = ^tt in any of the above equations ; 
we are thus led to the equations 

cot^ = t \/(l — ^* sin'o"), cot 0- = - i \/(l — ^' sin*^), 
\/{(l — Aj" sin'^) (1 — V sin^o-)} = A; cos0 cos*^, 

from which we find 

k sin^ sin(r = l. 

43. Let (T, a' be two amplitudes satisfying the equations 
F[k, <l>) 4 tK' = F{k^ a-), F{k, a) + iK' = F{k, a'), 

we have then F (Ar, ^) + 2tK' = F{k^ a) , 
but k sin^ sino' = ^ sino- sincr'snl, 

so that sin^ = sino*' ; also 

cot^ = { V(l — ^' sin^'o-), cot<r' = — t \/('l - ** sin'<r), 
so that cos^ = — C0SO-' ; and since 

cot<7 = - i \/(l — k sin"^) = i \/(l — ^ sin'o-'), 
there results V(l - ^^ sin'*^) = — V(l — i* sin^c'). 

44. These equations are written in a most expressive form 
by the employment of Jacobi's notation, see Chapter II. 

If then F{kj ^) = w, (f> = am (w), <7 = am (w + ^^')j s-^d the 
equations connecting and a are written as follows : 

sin am [u + 2iK ') = sin am (w), cos am [u + 2iK') = — cos am (m), 

Aaw {u + 2/^') = — J^am (w), 

where A (^) = V(l — ^' sin'*^). 

Now the formula for the addition of elliptic fimctions gives 

sin am [u + 2K) = — sin am (u) , sin am {u + 4:K) = sin am (w) , 

and if m, 7m' denote any integers positive or negative ! 

sin am (u + 2miK' -f 4tm'K) == sin am ( w) ; j 

\ 

K 
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this equation expresses the property of double periodicity 
belonging to elliptic functions, and teaches us, that if an 
elliptic function u is increased by any multiple of 2tK' as 
well as by any multiple of 4:K which are its periods, the 
value of the sine of the amplitude is unaifected by such 
increase. 

Admitting imaginary values of ^, sin^, when real, 
is larger than unity; premising this remark, I propose 

to determine the value of F{kj 6) when 8in^=T; this 

equation can be regarded as resulting from the following 
system : 

7c' tan^ tan0= 1, sin<jf> = i tanco, o-^tt. 

Now if F(Jc^ 6) is transformed by the first of these 
equations, it becomes K—F[k^ 0); which value becomes 
K'-iF{k\ eo) in consequence of the equation connecting 
and 0); or, finally, K—iK' by taking into account the 

third equation. ^Hence miam[K±iK')=^j^] the values of 

coaam{K— iK')y cosam{K+tK') having opposite signs; as 
appears also from the formulae given above by putting u^K. 

45. If the elliptic function of the second kind 
/V(l -./fc' sin» cf0, or E{kj ^) 

is transformed by the equation sin<^ = i tano), it becomes 

. rV(l-F8in^a>) , ,^ 
t i dco. Now 

J cos ft) 

rr- tan ft) J(l — k'^ sin'' ft)) 
day ^ ' 

\/(l — ^'^ Sin*ft>) . ... 7;j| . 2 N 1 

cos ft) v(l "k sin ft)) ' 

so that, by this transformation, E (A, 0) becomes. 

t {tauft) V(l -^•'* sin'ft)) +i^(A;', (o)--E{k\ ft))}. ..(28). 
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CHAPTER V. 



ON THE PEBIODS OP THE FIRST CLASS OF HYPER-ELLIPTIC 

INTEGRALS. 

46. For the determination of the periods of these func- 
tions I shall employ a mode of investigation precisely similar 
to that which has been already adopted for the determination 
of the periods of the elliptic functions. 

We must revert then to the notation of Chapter III., 
and to the equations given in that chapter for the addition 
of the first class of hyper-elliptic integrals. If we put 
sin^ = i tano), L (/c, k\ k'^O) becomes 

t[L [k, Id, k'\ ft)) -if (A, k\ A^ 0))], 

and M{kj Kj ic\ 0) is transformed into —iMik, k\ k'\ to) ; 
so that the transcendental system 

L [k, k', k'\ <^)+i [k, k\ k'\ ylr)-{{ [L {k, k\ A", a>yM{k, k\ k\ ft))] ] 

— L (/c, k\ k", a)—L [k, k'j k", t) = 0, ; 

M[ic, k\ k\ <!>)-{' M [k, k\ k'\ ylr) ~ iM {k, k\ k", co) \ 

- M[k, k\ k\ g)-M {/e, k\ k\ t) = 0, J 

(29) 

is equivalent to the equations 

COS0 cos^=coso' COST cosft)+z siu^ sin-^ sinft)v(o'} t) ] . . 
coso- COST =cos^ cos*^ coso)- 1 sine. sin T sinft)v(0,^)j 

If in the quantity v (^j x) ^^ P"* sin;^ = * tanft), we see 
easily that it is transformed into 

sln0 cos<jf)A {ky k\ lc\ ft)) — i sino) cosft)A (/c, k\ k\ ^) 

cos ft) (sin'*^ cos'' ft) + sin'* ft)) ' 
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SO that from the transcendental system (29) can be deduced 
the following equations also : 

008^ = coscr COST cos*^ cos© + sin<7 sinr sin-^ 



fsin^ cos^A (Jc^ k\ Jc\ a>) — « sino) coscdA (/», /«', k\ ^)\ 
\ sin* cos* ft) + sin* co j 

cos^^coso* COST COS0 cosft> + sin<r siuT sin^ 

'sin-^ C08>/rA [k^ Tc\ lc\ o)) — i sino) co8ft>A (^, id^ k\ '^) 






} 



sin* '^ cos* o) -I- sin'* a> 

(31). 

47. If we put 

L (A, i', r , \ir) - JIf {A, i', A", ^tt) = 0, if (i, A', V\ \ir) = ©', 

a^d if ft) becomes ^tt in the equations (30), we infer that the 
transcendental system 

L (/c, #c', ic", ^) + i (/c, a:', ic", >/r) 4- i0 -i («, /c', a:", (t) 

-i(itf,iC>",T)=0 J , 

.JIf(itf,itf>'',c^)+if(A:,/c>",t)-*®'-^('«)'^')'«'')^) 

-lf(/t,ic',A:",T)=0. 

is equivalent to the equations 

COt0 COt-^ =? tV (o"j t), COtil- CptT = — tV (0) "^l-'-C^^), 

which must involve the equation 

KKK sin^ sin*^ sino* sinT= 1 (34), 

which is obtained by puttipg ft) = ^tt in either of the equa- 
tions (31). 

48. If the quantities cr, t, <r', t are connected by th^ 
equations 

L [k, k', k", a) + L (k, k\ k'\ t) + 10 - i (/c, k', h!\ a') 

~i(/c, *:>", t')=0, 

Jf (/^, k\ k\ a) + if (ic, k', k", t) - 40' ~ if (ic, ic', /c", cr') 

-i/(ic, ic', /c", t') = 0, 

we deduce by taking into account (33), (34), 

fuc'K" sin (J- siuT sin a siuT = 1, cot or' cotT - i^ (<7, t) ; 



, 
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whence we infer that the system 

L {i», k\ k% ^) 4 i (^, ic\ k'\ it) + 2i0 - L (fc, ic\ k'\ a) 

- L {k, k\ k'\ t') = 
M («, k\ k\ ^) + if (/c, k\ k% ir) - 2/0' - M{k, k\ k% a) 

is equivalent to the following 

sin^ sin^ = sino-' sinr*, oos<^ cos-^ = - coscr' cost •..(35). 
We have also the relation 

V (<^, ^) = - V (ff', t). 

49. If we refer to the value given for the integral I^ in 
Chapter III. (27), we see, if it be taken between its ex- 
treme limits, that it depends on ©, and on &.] and that 

50. Let L [kj k\ k*^ <^) + i {k^ k\ k\ ^) = w, 

M[k^ k\ k*\ 0) + M[k^ Ky k\ yjr) = v, 
then if sin<^ sin^=/(w, v), 

we have /(w, ?;) = f{u + 27Wi0, v — 2?w/0'), 
m being any integer positive or negative, and if 

cos^ cos*^ =f^ (w, t?), 
we have j^ (w, v) ==? (— 1)^/^ [u + 2mi&^ v - 2m0*). 

51. We deduce from the transcendental system (32), and 
from its algebraic equivalents (33), (34) that the equations 

kk'k'- sin (f) sin '^' sin o- sin t = 1 , cot ^ cot ^' = — t v (o*i t) 

can be replaced by 

L {fc, k\ k", <I>) + L {fc, k\ k% yjr') - 10 - i (a:, k\ k\ cr) 

— L (aC, Ky k\ t) = 0^ 

M(k, ic\ If", 4>) + M[k, k\ k"^ f) -f 10' - M{Ky k\ h!\ a) 
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80 that an amplitude yfr' such that 

sin ^' = sin y^y cos ^' = — cos ^ 
satisfies the system 

L {k, k\ k'\ ^') = L [k, k\ k'\ ^) + 2i0j 

M[k^ k\ k'\ '^') = M[k, k\ k\ ifr) - 2l0\ 

and V((l - /«' sin'^) (1 - /c'* sin" t) (1 - «"» sin"^)} 

= - ^{(1 « ^« sinV) (1 - /c'* sin"^^) (1 - /c"» sin«^')}. 

52. I now proceed to determine what L (#c, k\ k\ 6)^ 

M{iCjk\k\6) become when HinO^-r," this equation can 

be regarded as resulting from the system k" tand tan^^l^ 
sin0 = t tanoi, © = ^7r. If we apply these successive trans- 
foi'mations to the functions of which we are treating, and 
if we put 

X2-— [^ (l-r"sin'a>)t?a> 

^^'^' a/{{^-^ '^^'^)(^-' F sin«a))(l-F« 8in««)l* 

,^J^ f^ dtp 

Vre find that L[k^ «, /c*', 6)^ M{k^ k\ k\ 6) become re*» 

spectlvely 4> — tI2, <I>' — tQ', when sin ^ = — . 

If we refer to the value given for the integral I^ In 
Chapter III., section 40, we shall see that its complete 
value depends on Q, and on Q,\ and that 
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From what has been obseiired in section (51) it follows 

that when sinff = -7, , L[kj k\ k\ 0\ M[k^ k\ k\ 0) become 

respectively 

^ — i!Q -I- 4mt0, <^' — iD! — 4mi0', 

or ^-«G + (4»i + 2)t0, <!>' - iii' - (4»i + 2) t0' ; 

where m denotes any integer, positive or negative, the values 
of cosd corresponding to these systems having opposite 
signs. 

53. Let us now seek the algebraic forms of the trans^ 
cendental system 

L (^, k\ k\ ^) 4 i' (*, ^', k\ '^) + <!► — iOi 

- ^ (^^^ «', 1^^ ^) - ^ (^, '^'j 'f", t) = 
ilf (/e, ic', /c", ^) + if (ic, >c', /c", t) + ^' - ta' '"^ ^' 

- If (/c, ic', /c", c) - Jf (/c, /«', k\ t) = 

and for this purpose we shall refer to the algebraic system 
found by interchanging k and k in (17) Chapter III.; if 

in this we put sinx = -77, we deduce the following as an 

algebraic represenfation of the system (36) : 
(1 - «"» slnV) (1 - «"* siii»T) 

-f «" sin^ sin'^ [^"*v' (<'"» t) + «"* coso- cos TV ("j t)] = 
(1 - «"* sin»^) (1 - K"VBin» 

— «" sino- siiiT [A;"*v' (<^, ■^) + «"* cotf^ cos'^v (^> '^)] = 

(37). 

Again, if we interchange k and k in equation (14) 

Chapter III., and put sin;^=-77, we find 

{Ic"k" V{(«"* - «") («"* - Ol sin<^ sin'f sino- sIiIt 

= 1 



} 



V{(l-«"* sin»(l -«'"" Bln''V'){l-«"' smV)(l-/c"* sinV)} 

(38), 

which is involved in the system (37). 
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54. K we suppose that <r', r satisfy the relations 
L {jc^ k\ k\ g\-\-L (#c, #c', k\ t) + 4> — tX2 

— L («, /c', k\ o-') — L («, K^ k\ t') = 0, 

— if («, /c', ic", <r') - M{k^ k\ i£\ t') = 0, 
we deduce from the system (37) 

(1 - /g"' sinV) (1 ^ ic"' sinV) „ . 

A'V(<r',T') + ic"*coscr'co8TV(<r',T)"" '^ smcrsmr, 

{l-ic"^siiiV)(l-ic"«sInV) „ . , . , 

k V (cr, t) + #c coso- costV (c, t) ' 

so that if 

L (/c, a:', k\ 0) + i (/ic, itf', /c", V^) -f 2^ - 2ii2 

— X (a:, /c', /c", o-') — 2/ (#c, #c', /c", t') = 0, 

M(k^ ic\ k\ 4>) + M{fc, k\ k\ ^) + 2*' - 2il2' 

— M (/t, /c', /c", o-') - M (/c, «', «", t') = 0, 

we infer, in conseqacnee of (37), 

sin0 sin-^ss — sino-' sinr (39), 

and again from (38) 

V{(l-ic"" sin»(l -/^"« sin»}=- V{(l-'«"* sinV) (1 ^/c"« sinV)}. 

55. I proceed now to determine the values of Z (#c, /c', k\ 6)j 

M[k^ k\k\6\ when sin^ = — , ; and, adopting the method 

already employed, I shall transform these functions by the 
successive substitutions 

h' tan 6 tan ^ = I, sin = / tan (o, et> = ^tt. 

By means of these transformations L (/c, k\ k\ 0) becomes 

•i^ (l-A;^'sin^o>)c?a> 



&-— { (l-A;"sin'o?)flrQ> 

^^"•'^ /|(l-|J sin^o)) (l-^, sm*o>) (l-^ sin'o>) - ' 
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56. By interchanging k and k in the system (37), we 
find that the transcendental system 

L (/c, it', #c", ^) +i {k, ir', ic\ i^) + 4> -B -iG 

— i (ic, #e', /c", a) — L («, «', #c", t) = 0, 
M{Ky k\ k% <f>) + M{k, k\ k", ^) + (!>'- H' - ti2' 

— M[k^ k\ k\ a) — M{k^ k\ k\ t) = 
is equivalent to the algebraic equations 
(l-ic'«sinV)(l-ic'«8in«T) 

+ K sin^ sin-^ [i'V (<''i t) + #c" coso- costv (o-, t)] =0, 
(l-ic'*8in«0)(l-/c"sin"f) 

— K sino- sinr [k'^V* {4>i V^) + *'* ^^^ cos-^v (^7 '^)] =» 0, 

and we deduce also, by means of (14) Chapter III., 

k'K \/{(ic"— >c') (k'^ — k^)} &m<f> siny}r sing- sinr 

V{(1- «" sin«0) (1-. /c"' 8in»(l- /c'" sinV)(l- k" sinV)} " 

We thus find, as in section 54, that if 

L (/c, #c', fc'\ <^) + Z (/c, #c', /c", ^) + 24> - 25 - 2tX2 

— i (#C, ^', #c", O-') — L (Kj k\ k"j T ) = 0, 

M{ic, k\ k!\ 4>) + M{k, k\ k'\ '^) + 2^' - 2E' - 2il2' 

- Jf (/c, ic', k", a') - Jf (/c, ic', k'\ t') = 0, 

sin^sin'^ = — sincr' sinr, 
V{(l-/c'» sin»0)(l-ic'''sinV)}=-V{(l-i^'* sinV)(l-/c'« si^V)} 

(40). 

It also follows that when sin ^ = -7, i(/c, /c', k\ 0), 

JHf (/t, /c', k\ 0) become respectively 

4> - B - ti2 + 4w/0, 4>' - S' - tX2' - 4w/0', 
or 4>-H-«i2+(4m + 2)t0, <!>' - B' - ill' - (4m + 2) tW, 

where w is any integer, positive or negative, and the values 
of cos^ corresponding to these systems have opposite signs. 
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57. To detennine what L («?, /c', k\ 0) md M(k^ k\ «", 0) 

become when sind = -, we shall regard this equation as 

resulting from the system 

sin^ = t tan©, k tanco tanw' = I, sinoi' = i tana>", «" = ^ir ; 

and if we apply these transformations In succession to the 
functions L {tCj k\ ii\ ff) and M{k^ «', k\ 0)^ we find, by 
putting 

^' y |(l-/c" sinV')(l- f sinV) (l- ^sinV')} ' 

V r "^' ^-^^^'X^"" J^ '^^''") {^^^^ *^'''")} 

that L {/Cj k\ k'j 0) becomes t& - S, and that -M^(^, «', «", ^) 
becomes at the same time — i& — S'. The algebraic forms 
of the transcendental system 

L {k, k, k\ <I>) + L {tc^ k\ k\ Vr) + »0 - S 

— L (#c, k\ k"j a)^L («, k'j k'j t) = 0, 
M{k, k\ k'\ <f>) + M{k, k\ k'\ it) - 10' -. 2' 

— if (/c, #c', «", a) — M{kj k\ /c", t) = 0, 

are found by interchanging k and /c" in equations (37), and 
we derive from the system 

L {k, k', k\ <I>) + L [kj k', «", y^) + 2i0 - 2S 

- L (/^, k\ k", a) - L (/c, #c', /c'\ t) = 0, 

if (#c, k', k\ (f)) + if (#c, k\ k", ^) - 220' - 2S' 

- if (/t, ic', k", a') - if (/^, /«', /c", t') = 0, 

the equations sin ^ sin ^ = - sin a sin t', 
V{(l-/c« sin^)!!-/^'^ sinVJl^-VKl-'^' 8inV)(l-^« sinV)} 

W. 



H 
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If we refer to the value given for I^ in (26) Chapter III., 
we see that its complete value depends on 2 and 2'; 
and that 

As when sin ^ = - , there is an ambiguity of sign in the 

coEone, the values of L [k^ k\ k'\ 0)j M{k^ k\ k*\ ff) corre- 
sponding to such ambiguity can be obtained in the same 
nf ay as they have been already obtained for the other similar 
cases. 

58. It is easy to see that if 
L [k, k\ k'\ <I>) + L [k, k\ k'\ ir) + ^^ 

- L [k, k'j k", a') - L {k, #ff', te'\ t') = 0, 
M{k^ k*^ h!\ 4>) + M{k^ k\ k", ^) + 4<l>' 

- M{k, k\ k", a') - M{fc, k\ k", t') = 0, 
we have sin sin -^ = sin a sin r'. 

If we put, as before, 

L (ic, k\ k'\ <I>)+L («, k\ ie"j y^) = w, 

M {kj #c', K"y <I>)+M (#c, k\ tc'\ ylr) = v, 

sin^ sin'^=/(w, t?), 

we find, in consequence of the equation just given, and by 
taking into account (35), (39), (41), that 

/i^J ^i / |t;-2m0'-f 4w^'4>'+47n"(^'-^X2')- 4m'"(ie'+2') }• ' 

?n, m\ m'\ m'" being positive or negative integers. Hence, 
if /A, fi\ /a", fi'" denote any integers positive or negative ^ 

r i«, ^) / 1^ ^ ^^^, ^ 4^,2' - 2,M"i& + 4/A"vir J ' 

so that /(w, v) is a periodic function of the two variables 
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u and Vj each of which has four periods, two real and two 
imaginary, and the nature of the periodicity is indicated by 
the above equation. 

59. It might be thought that the Amotions H, & would 
give rise to another period, but these are connected with 
the periods 4>, 2, and 4>', 2' in a way which I now proceed 
to point out. 

If we refer to the equations (33), we see that they are 
satisfied by the following values: 

^ = i7r, V^ = sin-'-,, (r = sin"*-, T = sin-'^, 

which must also satisfy the transcendental system (32) of 
which they are the algebraical translation. Hence 

L (kj k\ k% Jtt) + L U, k', h!\ sin"^ ^ + 1© 

- L (k^ ic\ «", sm"*- j - L \K^ te'j k"j sin"* -77 j = 0, 
M(tc^ k', k\ iTT) + Jf (/«, «', fc", sin"* i) - i& 

- m(kj ic\ k"j sin"* - j - mIx^ «', #c", sin"* -7,] = 0, 

and if we substitute in this system the values already found 
for the quantities which enter into it, it reduces itself to the 
following : 

^-E + S=:0, *'-.B' + S' = (42), 

which express relations between certain definite integrals, 
which depend on the quantities k, k'j k", 

60. Jacobi denotes by w^, w^, tig, w^, Wg, w^, the complete 
values of the integrals /j, J^, J3, 7^, /g, I^ as defined in sec- 
tion 34 ; which he proves are connected by the relations 
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The first of these relations is evidently equivalent to the 
equations (42), which I have just demonstrated ; the second 
results from the first by writing in it A, A?', A" respectively 
for k"^ k'j k. 

61. The equations (42) can also be demonstrated by a 
difiei«nt acrangement. If we refer to the equations (33), 
(34), we see that the following transcendental system holds : 

L («, *', *", Bin-* 1) + i (*, «', «", Bin-^ ^,) + •© . 

m(^k, «', «", sin-* -] + Jf («, «', «", sin-* ^,) - »©' 

-if(«, k', *", iir) - JIf («, «', k", um-'^) = 0, 

which, by substituting the values ahready given for the 
quantities which it contains, is reduced to 

2OTt0-S + B-* = O, - 2jHt©' - S' + S' - *' = 0, 

m being an integer, which must in this case be zero. 

62. The real peaodi of 

{a + fan*e)d0 



f 



„ ^{(J - «• Bm»^) (1 - k'* sin"^) (1 - «"» Bin"^)} 

when multiplied by i are expressed by the imaginary 
periods of 

/•» (a + /3 8in'g)<^g 

j„ V{(1 - ** sin"^ (1 - r sin'-t?) (1 - k"* sm*^} ' 

and vtce verad. 
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CHAPTER VL 



CASES WHERE THE FIRST CLASS OP HYPER-ELLIPTIC 
INTEGRALS DEPENDS ON ELLIPTIC FUNCTIONS. 

63. There are cases in which, if certain relations exist 
between the quantities /c, ^', ic'\ the value of 



h 



V{(1 - fc^ sin'^) (1 - hT" sin"^ (1 - k"^ sm"^)} 

depends on elliptic functions and on functions of a lower 
order, circular and logarithmic. jB(sind) denotes a rational 
function of sin^. Supposing, as we have already done, that 
ii*> ii> K^ if « = Kii\ then L («', /c", iiic\ 6) depends on 
elliptic functions of the first kind, as I now proceed to 
demonstrate. If we put \/(h!k") sin = ^, then 

dd 

V{(1 - /e'" sitf «) (1 - /«"* sin»5)(l-irV^sin«tf)} 

1 dt 



where p-^ '-rr, ^, q= ;^, /./ ^, 



tC fC K K 



and the differential at the right-hand side of this equation 
can be written 

1 dt 



Let ^ H- - = «*, and because the origin of 



d0 



, V{(1- 1"^ Bi»'^) (1 - k"* sin*^) (1 - k'V sin'd)} 
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corresponds to t^ = oo , we must have 

2 

V 

_i r 1 ( udu , \ 

or, if we put u* — 4 = »*, 

i, V(l-i'<'+?<*-X4«') 2 U. V{«*-(;>+4)«*+2+2p+2} 



+ 
Now 



r ^« 1 

/, VK-(p-4)«"+2-2p+j}J' 
and if we put 

U l+KK " V 1—KK " 






we have 



* 1 + k'k"' "'»"1-«V'» 



VCi-i^^^+y^-i^^^+O 



Hence, because 0j tj 0^y 0^ all commence together, we find 
by integrating 

.(48). 
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64. In a umilar manner we find 

impede 

V{(1 - «•* Bin"^ (1 - k"* sax*0) (I - xV* sin'^)} 

1 edt 



and 

f' fdt 1 rr dv 

Ju V{w*-(p+4=)tt''+2+2^ + 2}J' 
and introdadng as before the amplitades 0^, ^,, we find 

(44). 

Hence £(ie', «", >c'/c", ^), Jf (/ic', k\ kk'\ 6) depend on the 
elliptic functions F[m^^ 5J, -^(^ai ^a)j whose amplitades are 
connected with the amplitude d of the hyper-elliptic integrals 
by the equations 

.^ (l + /cVOsin^ .^ (l-#cV')sine „^, 
' l + #c/c sm^ ' * 1 — ic/e sm r ^ • 

It appears from these relations that d^ 6^^ 0^ vanish 
together, and also attain the value ^tt together. 

65. We have also the following forms of the equations 
connecting 0^ and 0^ with : 

. _c osgV(l-/gV^sin'g) ^ 

^^^^^^ l + >cV'sin-^ ' 

^ _ co8gV(l-/eV'«8in'g) 

cos Uj — - y—f, I 5"^ • 

V(l - "I. sm ^^ = TT^iV^iP^ J 

(46), 
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wnicii lead to - — ^ = , ,, , an equation connecting 
directly 6^ and 0^. 

66. In consequence of (43) and (44) we see that the trans- 
cendental Bjstem 

- L (*', «", «V', iT)-L («', «", « V, t) = 
M{k\ k", k'k", 4,) + M(k', k", k'k", f) + M{k', k", k'k", x) 

- M[k', «", k'k", <r) - M[k\ k'\ k'k", t) = 

m 

can be transformed into the following : 

■^K. *,)+^K ^,)+-^K) x«)-^K «'.)-i^K, tJ=o| 

(48), 

where the amplitudes ^,, ^^ are derived from ^ in the same 
way as 0^ and 0^ in the previous section are derived from 
0j and so for the others. Hence the addition of functions 
of the form ol&(«, k\ kk\ 0) + ^M{tc\ ic\ ick'\ 0)^ where 
a and /9 are arbitrary quantities, depends on the addition of 
functions of the form F{rn^^ 0^) and on the addition of func- 
tions of the form F[m^^ ^J, and the formulsB requisite for 
the solution of this problem are given in Chapter II. Each 
equation of the system (48) has, independently of the other, 
an algebraic equivalent, expressing an algebraic relation 
between the trigonometric functions of the amplitudes 

011 '^ij X\i ^j) '^x ^^^ ^^ ^^^^ ^^^ ^ similar relation be- 
tween the trigonometric functions of 0^, -^g, Xi^ o-^, r^ for 
the second; if in each of these we pass from the ampli- 

tudjBS 0j, -^j, &c., 02, '^jj? &^* *^ 0j V^j ^^* ^^ arrive at 
the algebraic equivalents of the system (47) in which the 
amplitudes <^, -^y ^j ^j ^ alone appear. 

67. There exists an elegant equation connecting <f> and '^ 
with the amplitudes 0^, -^/r^, 0^, '^^ which I now proceed tx) 
investigate. 
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57 



Let F{m,, ^,) + ^K, f ,) = F[m,, f.), 

then, In consequence of the third equation given In section 8, 
we have 

,__ sln^, cos^, V(l~Wi* sln''^j)— sln-^j cos-^, V(l— «*i* ^Mn*^J 



cott= 



cos< 



sin* ^j — sin" '^^ ' 

. ^^ sin^, COS0, V(l-7w^' sln'^^j-sln^^ eos^, V(l--?«/ sln'0,) 
'"^ sin* ^, — sin' 1^, 

Now we find, from the equations (45), (46), 

' JL ' JL (1 - /cV'*) 8in> 
Sin»,sm»,== ^^^^.,^..^^,^ , 

^ cos»0 (1 - itV* 8in*0) 
^.cos^,=. ll^V-sin-^ > 

/(M » • «j.\M t • «JM (l-«''sin'^)(l-«"*Bm*^) 
V{(l-< Bin'^,) (!-»»,» Bin'^J} =^^ i-/eV'*8m«^ — ^^ » 

• J. J. (l + «'«")8mAcosAV(l-«V'*8in*A) 

"'*>^«*»=^^ (l + ^Jsin W ^» 

. ^ J {l-«V')smA<50BAV(l-«V'*«ii*A) 

V{(l-<Bm>J{l-«/sm''V^J} 

V{(l-/e'* ain'^)(l- *"* Bm'(^)(l- «" BmV)(l- jg'" Bin»} 
"" (1 + k'k" sin" ^) (I - /c'«" Bin" ^) ' 

whence we deduce, if we put 

— KK 



an 



D = 



{(1 - «'»«"« Bin*^) (1 - k^k"* Bin*^)}" ' 
{Bm^j COB^, V(l-w»,* Bin'''^J— aiii'^j cob^, VCl-wi/sin'^,)} 
X {Bin^, cos^, V(l— »»«* Bin''^,)-8in'^, cob'^, ^/{i-m* am*<f>^] 

f Bin»^ co8*^(l-«V»8b*^)0-«'*8m»(l-«"*smV)'\ 

(l-zeV* BinV) 
=Z>)+8in»f <jobV(1-«V» 8inV)(l-«'» 8in» (!-«"" bIbV) 

(l-«V»8inV) 
y^_2(l-«V'* sin*^ sin'^) sin^ cob^ sio'^ oob^A(^) A('^) 

where A (^) standB for 

Vl(l - «'• "n'*) (1 - «"* 8m» (1 - «'V" sinV)}. 

I 
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^ 



But {l-«''ie''8b'^)(l-«V-Bm*^) 

= (I - itV ain'^ 8iii*f>) (1 - leV Bin» 

- «V» cosV (an'* " sin'-f ), 
80 that this last ezpreanon becomes 

(l-tieV* sin'^ rinV){ffln^ co8^A(i^)-8m^ C08i|rA(^)}"' 
- «V* cos*^ 008*^ (ain*^ — sm*^) 

X {sin*^ (1 - «'» sin*^) (1 - k'" sm»-^) 
- sin*^ (1 - ic" sin"^) (1 - k'" sin'^)} 

and also (bui*<^, - 'on*'^,) (sln*^, - sin'^^j) 

{(1 - <cV^ (ain'^ - sin'^) (1 - «cV Bin*^ sin*^)}' 
{(1 - k'k'" ain*^) (1 - /eV" ain*^)}* ' 

ao that, by restoring for D its yaloe and remembering our 
ordinary notation, we find that' 

cotrcottl- [v(^>V-)]''-^V>«VcoB'^ US) 
' ^ (1 — « ic ) (1 — iic #c am 6 sin v) ^ ' 



68. Suppose now that in the system (47) % — ^tt, we 
have then ;^^ = ^^^ == Jtt, and if we put 

i?'K,<r.) + ^K,T,) = ^(m.,r.'), 
the system (48) becomes in this case 

whence, bj the formula for the addition of elliptic func- 
tions given in section 13, we find 

1 1 4 k'k" 



tanj; tan?/ = - 
tan5.tan(;' = - 



V(i -»«.")" V{(i-0(i -*"")}' 

1 1 - k'k" 



V(i - O V{(i - O (1 - *"*)} ' 

BO that, if in the system (47) we put x = iT, we have, in 
consequence of (49), 

f [V {'l>y ^)]'- *"*'" co«V cosV ) f [v(g-> t)]'-«V'*cosVco3V ) 
I 1 - «' V sin"<^ sin Y Jj 1 - « V" sinV sinV j 

= (1 - «") (1 - «'":) (1 - «'V"j. 
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This equation, which we have deduced from the; formulae 
for the .additiQa— of eJHptjc /unctions, can be derived froii 
the algebraic forms of the hyper-elliptic system (8), (9). If, 
in the equations (8), (9), we put ;^ = ^, we find 

i, ,\ COSd) COB'slr , \ cos O- COST 

V (^? ^J = . . , V (g-? t) = - . . , 
'' sino- smr ' vi ' 8m9smY' 

so that - 

f [V i4>, i^W- ^ V cosy cosV ] f [V {<r, r)Y- k'*k"* cosV cosM 
t 1 - #c V* 8in*0 sinV J t 1 - «'V» sinV sinV j 

= cot*0 cot*^ cot'cr cot'r, 

but (11) the right-hsmd side of the equation is equal to 

69. If we refer to the notation and transformations given 
in section (63) we deduce 

Bm^0d0 

V{(1 - /«'* sin'^ (1 - k'" sin- 5) (1 - k"k"' sm'S)} 

1 . il'dt ■ 

^ [k'k^ V(1 -i?<* + qt* -pf + f) ' 

and the differential at the right-hand side of this equation 
is equal to* 

1 r (^'-i)i?^ 

2 {fc'Ky l^/{u* - (;? + 4) ti' + 2 + 2p + j} 

{v'+l)dv 1 

Now we find easily 

L VK-(i? + 4)w'' + 2 + 2jp42} 

= i^ {i^(m,, 0,)-'E{m,, ^J-cottf, V(l-< Bm»5J}, 



. V{t^'-(i>"-4)v- + 2-2;>4?} 



- i^y {F{m,, 0;) -E{m^, ^J-cot^, V(l-< sin«(9J}, 
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80 that 



2 («'«") 



f* mi*0d0 

J. V{(1 - 1- an*0) (1 - «"» aa"^ (1 - «""«"* sin*^} 

1 rr (t>' +!)<?» 

~ 2 («'«")« Li. V{«* - (j> - 4) r" + 2 - 2p + 2} 
_ r (w'-l)«ftt 1 

f (1 + k'k") {cot«, V(l - m," am*^,) + ^K, ^,)} -^ 
- (1 - /eV) {cote, V(l - »«,• Bm'<»J + ^ (m„ ^J} 

(50), 



t It 



It I 
— KIC 



which, if we adopt the notation of Chapter III., expresses 
the value of the hyper-elliptic integral N{jc\ k\ kk\ 0) by 
elliptic functions. 

70. We find also in the same way 

M 

cos*^ V{(1 - k"^ sin"^) (1 - ic"" sin*^) (1 ^ ieV« sin*«)} 

_ v(/c^ic") it 



and the differential at the right-hand side of this equation 
may be written 

^/{K'K") w»+ w V(w* - 4) - 2(1 4 icV) f^^ udu 



X 



{' 



V(w" 

1 



-4)1 



V{«*- (i> + 4) M*+2 + 2p + £} ^ 
■which can be pot under the form 

V(«V') u' - 1 - «'«" 



2 '(l + zeVT-ieW 

X 



<fu 



7[pi5^^TF^^ 
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V(/cV') v'+I-k'k" 



Jv 



(1 + «'«")» - *W " «'«" 1(1 + «'«")• - «' «V j ' 
(1 - «'«")*- k'k'V ~ k'k" 1(1 - k'k")' - k'k'i^ J ' 



so that we have 



f 



<fd 



cos'^ V{(1 - k" mi*0) (1 - «"» sin»^) (1 - icV* sin*^)} 



v(« v) ] j . r (1 + «'«")* - f'*""*! 



(*' + k")' 
k'k" 




2 V(«V') 



ji. i^ " (1 - *'*")• - *'*'v| 

But by introducing the amplitudes 0^ and ^,, and integrating 
we have 

r 1 du 

A ic w - (1 + ic'/c'7" / f f ^ , (i + k'k')'] j ,,, (/c' + ic'7 



^/{kk") 



(i-h/cV'Ki-0(i-0 ^**°^^ ^^^"'"'' «^'^.)-^K'^')J' 
r 1 dv 

= (i-^v')U-0(i-0 ^**"^« ^^^""'''' «^'^.)-^('«..^«)}. 



B2 CASES WHERE THE FIlCtST CLASS OF HYF'EE-ELLlFTIC 

BO that finally 



i 






71. From the formnlae given in the previous sections 
we can derive another case in which hyper-elliptic integrals 
of the first class depend on elliptic functions. For this 
purpose let us put sind = t tana> in the equations (43), {^^)i 
by this transformation L [k\ k\ «'«", &) becomes 

iL {V(i - O, n/(i - O, V(l - icV-), ox} 

- tJif{V(i - O, V(i - O, V(i - ^"O, <«}, 

and Jf (/«', /c", kk\6) becomes 

- laf {V(l - O, V(l - O, V(l - i»V"), 0)} ; - 

and if we put 

(l4A:'Otan« ^ (1 -V/c") tan© 

* 1 — #c #c tan (» ' * 1 + ^ ic tan*(0 ' 

the same transformation gives sindj=t tana>j, sin^,=:t tano),. 
Now by the employment of these latter equations 

jF(w^, 6^ becomes iFy[l - m^)^ ©J, 
and -^(w^a, ^J becomes tF{V(l - ^s*)? ®J ; 

so that the equations (43), (44) when transformed by the 
equation sind = ttana> lead to 

L {V(l - O, V(l - O) V(l - /kV'«), 6)} 



1 rx.f v{(i -0(1-0} ^) 



^| VK.-0(.,O) ,.j] ,,,, 
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_ 1 r- 1 f v{(i-o(i-o} ) 

72. To express these results in a manner conformable to 
our ordinary notation, according to which we write the hyper- 
elHptic functions as L[k^ k\ k\g>)^ M[k^ k\ k'\<o) where 
k">k>Kj we shall remark that 1-a?V*> l-ic'"> 1-ic"*, 
and if we put for a moment 1 - ic V" = f '", !-«'* = P, 
l-^"^ = f, we find r'* = r+r-rr, and the above for- 
mulae become 

ii{f,f,v(r+r-Fr),«} 
" 2 v{(i - n (1 - ni r ii+v{(i-r)(i-r)}''"'} 

-■^{i-v{(i-r)(i-ni'*''}j' 



2 v{(i - p) (1 - ni 

"^ Li + v{(i - r) (1 - D} ^ 11 + v{(i - n (I - ni ' "'} - 
-i-v{(i-r)(i-n} ^|i-v{(i-r)(i-n'"*}J ' 

in which, if we write k^ k' in place of f , f ', and i, A?' in plac^ 
of V(l-f*)) V(l — f'*)j we have the following, which are 
expressed in our ordinary notation: 
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(55), 

, ^ (I +Jek') tana ^ (l—kk')t«aw ,,-. 

Hence hyper-elliptic functions of the form 

can be added hj the formula for the addition of elliptic 
functions of the form F{- — jttt, ©j , and by the formula 

for the addition of functions of the form Fy- — ^77, wA . 

73, We now proceed to apply the transformation 
sin& = itana> to the equation (51). In the first place we 
remark that by this transformation 

j, cos*^ V{(1 - tC^ sin'^) (1 - ic"" sin*^) (1 - ic'V* sin* 5)} 
becomes 

» cos^a>^a> 

V[{l-(l-0 sin^'cKl-Cl-ic"*) sin»6>}{l-(l-ic'V'') sin^o}] ' 



/ 



which is equal to . 

(1 -^ 2 sin"© + sin* ft)) don 



/■ 

J A 



'^ ^[{l_(l-«'») sin'*ft)}ll-(l-ic"-) sin"a)}{l-(l->cV) sin«a>}] * 

To deduce the effect of this transformation . on the 
right-hand side of equation (51), we observe that 

tan^j \/(l-"^i* sin"^J becomes t tanft)^ V{1 — (1— ^1") ®^^'®i}? 

E{m^j0^) becomes 

i [tanojj \/{l — (1 — Wj*) 8in*ft)J 

+ i^{V(i - <), 0, J - F { V(i - O, « J] 

(28), and F{m^^ 0^ becomes {Fy[\'-m^\ ft)J; similar re- 
lations are also deduced by replacing tw,, ^„ ft), by wi^, ^j, o),; 
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the right-hand side of equation (51) is thus seen to be trans- 
formed into 

•^ • ^ * 

4 

2(1-0(1-0 '^^^^^* ■ "*''^' "'^ " ^^"^^^ " *"''^' "*^ 

which is equal to 

*j, V{l-(l-0 8in»a)}{l-(l-«"») 8in»tt,}{l-(l-KV») sin"©} ' 

and by takuig into account the expressions for 

/■» dto 

i„ V{l-(l-«") sb''ft)}{l-(l-«"') 8in»«»}{l-(l-«V'*) sin*©} ' 

j. V{l-(l-0 sin'a)}{l-(l-0 8in''ffl}{l-(l-«V*) sin»w} ' 

abeady given (52), (53) we find 

/■« sia* adto 

j. V(l-(l-0 sin»o)) (l-(l-«"«) sin*©) (l-(l-«V") sin**) 

= 2(1-0(1-0 ^■^^''^^ " '"'*^' ''•^ "^ ^^"^^^ ~ ""'^^ "'^^ 
+ 2«v'(i-0(i-0 1 "i4*v"** ^(^(^ - '"'')' *"') 

i?'( V(l - m/), «j] . 



'a »'» I „» " 



1 - k'k" 



74. In this equation we shall put, as before, 1— /c'V'*=|"*, 
!-«'* = f ', 1 - k"^ = f*, and it becomes 

T" sin^ 6)^(0 

j. V(l - r sin'o,) (1 - r «n«o,) (I - (f + r» - f«f'«) sin««) 

= 2^ [■^(i+v(i-r)(i-r) ' V 

+^(i_v(i-r)(i-n'"')] 

K 
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L i+v(i-r)(i-r) ii+v(i-p)(i-n ' 'I 

f+r-i+v(i-r)(i-r) r-f ^r „n 
i-v(i-r)(i-n li-v(i-r)(i-n' 'jJ * 

This equation can be put in conformity with our usual 
notation by writing k and k' respectively for | and ^', 
and by writing k and k' for V(l-f), VCl-D- We 
thus have 

/•«• sin*0K?a> 

i. V(l - «* sin-o)) (1 - x"* aux'to) (l-i^ + K"- «»«") sin^w) 

1 { K' + K^-l-kk' ( kk' \ 

■*■ 2«»«"Aafc' t 1 + Avfc' U + **' » '"V 



/ 



l-AA' 



75. To find the value of the definite integral 
V(l - «" sin^o)) (1 - k'^ sin^ct)) (1 - (^" + /c'^ - #cV») sin'©) 



we must remark that if we put tanX= //7 7>x ^ it follows 

from (56) that g)^ continues positive from © = to (» = \, 
and is negative from o) = X to w = ^tt. Let a be the value 
of ©g corresponding to o) = \. Now we have 



r 



, V(l - k' sin»ft)) (I - «'" sin*©) (I - («' + «" - «»«"') sin*©) 

_ f'^ da 

~ io V(l - «* sin'w) (1 - /e"* sin'-w) (1 - («« + «"■ - *»«") sin'w) 

sin*©) (1 - «'* sin'o)) (!-(«»+«'»- /«»«'») sin**) ' 






I 
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K/C fCK 



Kite KIKm 

and if we put % = ^^j^, , % = flTjfei' ^® deduce from (54) 

io V(l - fc^ sm'*©) (1 - k"" sin*©) (1 - (/e» + «'« - /e^^ sin'©) 
"■2ii^tJ, V(l - V siny ) "■ j, V(l - V,' flin"a>j} ' 

i: 



d(o 



V(l - /«* sin^co) (1 - k'' 8in"tt)) (1 - («^ + /«'" - /c'O sin"©) 

" 2&i' Ui^ V(l - V,' BinX) " Ja V(l -1?; Bin"«.)j ' 
we find consequently 

j, V(l - /^^ Bin"«) (1 - /»'" Bin*©) {l-{^ + hT" - ic^ic") sin^o)) 

_ 1 r**" dwj 
-^j, V(l-i7.'8m'«,)- 

In the same way we deduce from (55) 

rmcfmdm 
V(l - «» flin'fl)) (1 - «'» Bb*©) (!-(«» + *'»- k'O sin*©) 

1 /•** rfa>, 

~ A*' (1 + A*') j. V(l - Vt Bin*©,) ' 
and from (57) 

Bin*<iiK?a> 

V(l - «» sm"®) (1 - /e"* 8in««) (!-(«» + «'»- «»*«) sm»») 

'^?«^l/ V(l- Vain* <»,)(?«, 

■•" M' (1 + ;5yfe') j, V(l-<8mH)r 

76. We have already shewn (21) that £(«, x', «", d) and 
if («, ie', «", ^ depend on 

M^/(f#)•^/(T^)••■■•*l. 

and on ^^^{/^(Tr^) . yy/(Tfi?r) '*"'*} ' 
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if k" tajiO tan^ = 1, and since 

we see that the hyper-elliptic functions L {k^ k\ k"^ 6) and 
Jf (/r, k\ k'\ 0) depend on elliptic fonctions if 

and this latter equation gives 

^.,^«;^(W0^ or «" = ^' (58). 



1 
I 
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CHAPTER VII. 



APPLICATION OP THE PRECEDING RESULTS TO THE 
RECTIFICATION OF THE LINES OF CURVATURE 

OF AN ELLIPSOID. 

77. We suppose the following equations in rectangular 
coordinates 

^ y* _ ^* _ 1 

7""jn^-7— ;? = ^» 

to represent a system of confocal surfaces of the second 
order or quadrics, as they have been recently designated. 
The first of these equations belongs to the ellipsoid of the 
system, whose semi-axes in order of decreasing magnitude 
are a, \l[c? — J'), V(<** •- <?')> so that c>h\ the second of these 
equations represents the hyperboloid of one sheet, which, as 
it is a ruled surface, is sometimes called the gauche hyper- 
boloid; and the third is the equation of the hyperboloid of 
two sheets of the confocal system. If we solve for a?*, y", ^ 
from the above system we deduce 

and if we establish any relation between /^ and v^ these 
equations are the equations of a curve traced on the surface 
of the ellipsoid. Let us suppose yi, to be constant; the 
equations just written then belong to the intersection of the 
ellipsoid with a confocal gauche hyperboloid ; they represent 
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one of its lines of curvature, any point of which is de- 
termined by the value of v, and the expression for the 
element of its arc is 

In the same way we find for the element of the arc 
of a line of curvature situated on an hyperboloid of two 
sheets the expression 

and in both cases the arcs can be expressed by means of 
the hypeivelliptic integrala which we have been considering. 

78. To determine the expression for the arc of a line 
of curvature situated on a gauche hyperboloid (ja constant), 
we shall put v = i sind in (59), and the limits of v being 
zero and 5, the corresponding limits of are zero and ^tt. 
If we denote by 8^ the arc of the line of curvature which 
we are considering, we find then 

/f (o'-y8in'g)(/*«-y8in'g) ] 

'"•~V( (o^-j'sin*^) r ' 

if we put «=-, ie'=-, «" = -, we have «">«'>«, since 
^ a' c' /*' ' 

fi is less than c and greater than b ; and we find 
cfe^ = 5 {j4 - «' (- + 4) 8in»^ + kkk" 8in*4 

iKK \ K K / J 

^ V(l - M^ sin'^^) (1 - k" Bin'O) (1 - k"' sin'^)'**^^^^' 

so that the arc of the line of curvature counted from the 
vertex where it meets the plane of the mean and least semi- 
axes of the ellipsoid, is 

h K, L («, K', «", e) - «' (^ + ^) m(k, *', *", 0) 

+ kk'k"N{k, k', k", 0)\ . 
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or if <f)'j yjr'j &c. denote angles which are derived from 
4>y yj^y &c., in the same way as 6' is derived from 0^ we 
have 

u/C/C K 
50' + Sxf,' + S^' — 5<r' — St' = fTJlTT COS(f> COS^Ir COS;^ COSflT COST. 

^^ y\ y\ y"\ y"^^ y*^ denote the y's of the . variable ex- 
tremities of these arcs, we deduce from this last expression 



j.j'.ji'j^. f 






80. To determine the particular fi lines of curvature, 
whose rectification depends on elliptic functions, we shall 
avail ourselves of the formulae given in the last chapter. 
By referring to the values of /c, k\ k in terms of the con- 
stants of the ellipsoid given in section (78), we see that 

the equation k = kk gives /Lt = — ; and as c> /it, this line 

c 

of curvature does not exist on the ellipsoid unless &'-ah> 0. 

Again, in consequence of (54), (55), (57), if k"^=k^-\'k'^—k^k^ 

the value of fi resulting from this relation will determine 

a line of curvature, whose rectification depends on elliptic 

functions. This value is easily seen to be -77-^ — ^ — 7,-, , 

•^ V(« + c' - V) ' 

and as this quantity is intermediate between c and 5, sudi 

a line of curvature always exists and is situated on the 

gauche hyperboloid whose equation is 

^ f g' _ 1 

aV "^ (a"-y) (c«- V) c' [c' - b') " aJ' + c'^b'' 

Again,, in consequence of (58) the value of /t derived 
from the equation «'"* = — -^ — ^ will determine a line of 
curvature, whose rectification depends on elliptic functions: 

this value is a a/( «_;.« ) > ^^^ ^^^^ °^* render /Lt'-iVO 

unless a^-^V — a sl{c^ — c*) > 0, or unless the mean semi-axis 
is greater than the mean proportional between the' greatest 
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and least semi-axes, in which case such a line of curvature 
exists. 

81. K in the expression (60) for the differential of the 
arc of a line of curvature of the ellipsoid, which is situated 
on a confocal hyperboloid o( two sheets (v), we put 

"^ "o"-6*' "^ ■" V ' "^ "" c"-v' ' ^"" l-i7*8in"e ' 

de 

^ V(l - V* sin'^) (1 - V' sin'^) (1 - V'" sin*^) ^ 

^j 17', 17" are less than unity and 17" > 17' > 17. . 

Since ^ = corresponds to the vertex of the curve which 
is situated in the plane of the greatest and mean semi-axes, 
if 8^ denotes the arc counted from this point, we have 



*9 = 



a —c 



c V(a" - *') (c* - /) 
x{{cf-C^P (- r,\ U, V', U", <^) - K- V) i (17, V, V, 0)1 . . .(62). 

82. If ^, '^, X) <''> ^ denote five angles satisfying the 
transcendental system 

i {V, V', V"i <I>) + L (17, v', v"t '^) + L {v, v'i V", X) 

- L (17, 1?', V, <r)-L {v, v\ V", t) = 0, 
M{% V\ V'\ 4>) + M{ri, v', V, V-) + M{v, V, V, X) 

- M{ri, v', V", 0-) - M{v, V', V, t) = 0, 

or any of the algebraic systems which are equivalent to it, 
and if a<^, «^, &c. denote the corresponding arcs of a line 
of curvature situated on the surface (v), we find in con- 
sequence of the formula (18) given for the addition of the 
function P 

7)^ &m<l> smyfr siny sinq* siuT 

^ V(l-^'sin»(l-^^sinV)(l-^"sin'*x)(l-^'sinV)(l-.^«sinV) ' 
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83. We have the following equation connecting 4> with 
the corresponding value of fi^ which we shall call /ti^, 

Bin0 /f (a'-y)(c'~At/) ] 

V(l - ^* sin-<^) "" V 1 («"-^") (<^"- **) I ' 
whence if z' is the z of this point, which is the variable 
extremity of the arc 5^, we deduce 

sin^ _ €A/{a* — b*) , 

V(l - V* 8in'<^) ~ (a* - c") V(c" - v'*) ^ ' 

Let z"j «"*, «"', «" be the «'s of the variable extremities 
of the arcs 5,^, Sy^^ &c. ; in consequence of what has been just 
proved, we have 

sintfr c \/(a" — b*) „ 

V(l -17' sin*^) "" (a* - c') V(c" - v') "^ ' 



z"' 



and so on, so that finally we find 






"n z z z z z » 



84. By the formula (20), given in Chapter III., 
-P(~"'7*) ^) Vi v"j ^) C3.n be expressed by the functions 

L iv, v\ v", 0), M{v, v', v", 0), N{v, v; n", &), Q (v, v\ v", e) ; 

so that the arc of the line of curvature which we are con- 
sidering can be made to depend on these .functions by 
substituting for P{—v^iVjV^v'j^) '^^ (^2) this expression. 
The formula thence resulting for the comparison of the arcs 
of a line of curvature of an ellipsoid, which is situated on 
an hyperboloid of two sheets, is however rather complicated, 

85. To find the lines of curvature of an ellipsoid lying 
on a confocal hyperboloid of two sheets, which are rectifiable 
by elliptic functions, w^e shall proceed as before. If we 
seek the value of v derived from the equation r) = i]'r]'*^ 

we find V = -^ — ^^ r^ ; su»n a hue of curvature is 

b ' 
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therefore not possible unless h ^J[c^^-(?)>ac, Again, the 

Talue of V derived from the condition rj"^ = ^—~ — ^ gives 

1 — iy 

ir = a . /(-j — ^, J ; such a line of curvature is not possible 

unless *>« a/(-« — j^ cr unless a* (a* — c*) — (a*- J')*> j. 

and will not exist unless the mean proportional between the 
greatest and least semi-axes exceeds the square of the 
mean* semi-axis. The curYC of intersection of the ellipsoid 

-^ + -/- ,« 4- -= 5 = I with the surface 

X* y" 2* 1 



will be rectifiable by elliptic functions, and this latter surface 
will be an hyperboloid of one or of two sheets according aa 
(a* — J')* — a' (a' — c'') is greater or less than zero. 

86. The value of v derived from the equation 

. ic 
'q"^z=^ri^-\^r{^- ffr)^ is — . The rectification of the correspond- 
ing line of curvature ofFiBrs results of sufficient interest to 
justify our entering into the question In some detail. In this 
case the length of the arc Is best derived at once from the 
formula (60), which gives us the following equation for the 

element of the arc, ds = - . /\ —. « (sn . « «n r clpt and 
i£ we put fi = ^{hc) tj t-=^ol, - = i8, we find 



be ' c 



/ 



cfe.^ ' ^(*^) 



_ 6 V(5c) / 



1-a (<' + J«) + a'' 



[^-^{'' + J^^^, 



)dt.. 



1 
If ^+7 = Wj we have 2< = 2e ± \/(w* — 4). For points of th^ 

arc of the cijrve which are situated between the vertex (0) 
ibr which yet = 6 and the point (P) at> which ^^sjipc)^ we 
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77 



must use the lower sign in the radical entering into the 
expression for t: and for arcs of the curve counted from 
this latter point up to the vertex {Q) for which /a = c, the 
upper sign is to be employed. Consequently the length 
of the arc counted from the vertex (0) to any point (T) 
of the arc OP is expressed by the integral 






i'^'^^To)'-'' 



\ 



' uda \ 



if we put 

V = V(w' - 4), w = ^V/3 -t -Tyj sln5^, V = [yfi - -r^j sin5^, 

__ a (c 4- J) __^ a (o — &) 

and integrate, remembering that when /tt - 5, .3^ and 5^ both 
become ^tt, we iBnd 

arc Or= i [^ {^(r?,, iTT) - E{n^^, 5,)} 

2 V(Jc) 



To find the length of the arc OP, let sin\ = -y 



+ c 



and for the point P we have S^ = \, ^^ = 0, so that 

arc 0P=| [^ ^K ^tt)- ''-+*-" {^(«., i,r) -^(«., \)}] . 

The length of the arc counted from P to any point T' be- 
tween P and the vertex Q is given by the integral 



V(&c) 
2 



/.v 






du-^ 



udu 



VK-4)j ' 



so that we have 



arc 



PT'=^ [^- {^(«.,5.)-^(«..,x)}+^4- ^K^j] . 
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For the vertex Q we have .9^ = .9^ = Jw, bo that 

By takiDg the sum of the arcs OP and PQj we find for 

he 
the quadrant of the line of curvature for which v = — the 

a 

expression •^('^j) i^) ; so that the circumference of 

this line of curvature is equal to the circumference of a plane 
ellipse whose greater semi-axis is , and whose eccen- 

tricity is ^=^ . 

We find the following expression for the arc QT': 



arc 



<22"=i [^ {^(«« i^)-EK s,)} 



+ ^lEin,,i'^)-EK^,)}y 



It is easy to see that the angles S^ and S^ are connected 

by the relation ~ = 1 . 

•^ cos»^^ c + b 

Let F, V be two points situated respectively on the 

arcs OPj PQj and let /a, /a' be the focal semi-axes of the 

ffatcches hyperboloids which determine them; we shall call 

corresponding points two points so related, that for them 

uii = be : as this relation can be written ,,, > = , ' , we 

^'^ w[bc) fju ^ 

see that at corresponding points the angles ^^ and ^^ have 
the same values. 

Supposing that V and F' are corresponding points, 
we have 

are (^F' 4 arc 0V=^^ {E{n^, h^)-E{n,, 5,)}, 
arc QV - arc Or= ''^^ {E{n„ ^tt) - ^(«„ 5J}. 
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If we subtract from the quadrant OQ the sum of the 
arc OV and QV\ we find for the arc FP'', which is 
terminated by two corresponding points, the expression 

E[n^<^ S^ ; which is therefore equal to the arc of a 

plane ellipse, whose greater semi-axis is , and whose 

. . . a{c-b) 
eccentricity is — ^ — ^- • 

Along the line of curvature, which we are considering, 

for which v = — j the x^s of every point are equal to the 

focal semi-axes of the corresponding gauches hyperboloids ; 
so that if x\ x' are the a's of two corre^onding points, 
we have x'x" = hc. 
It we put 

/*' = b^ cos" ^ + c* sin' 0, fi^ sz J* cos*-^ + c' sin'-^, 

for corresponding points, we have 

tan^ tan^ = - . 



( 
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CONCLUSION. 



GENERAL REMARKS. 

87. From the formulae given In Chapter IL, it Is plain 
Aat given any number of elliptic ftmctlons of the first kind 
with a common modulus, a single function of the same kind 
can be found which is equal to the sum of the given func- 
tionsy the trigonometric functions of whose amplitude are 
algebraically connected with the trigonometric functions of 
the amplitudes of the given functions. From the results 
given in Chapter III. it appears that given any number 
of functions of the form olL [k^ k\ k\ 0) +fiM{Kj k\ k\ 6) 
which arise from assigning arbitrary values to 6 exceeding 
two, the sum of such functions can be expressed by two 
functions of the same sort. In genei^al If 

Ur0s[' {a , + a, sin'g+...4- g^ sin'"/?} d0 

^ ^ io V{(l-/c«sin«^)(l-ic''sin'^)(l-/«:"«sin'^)...(l-ic^'^"^"sin'*^)}' 

where #c, k\ k\ ...a:^*"^ are all less than unity, and a^, a^, ...a„ 
are arbitrary quantities, the sum of any number (exceeding 
^41) of such functions, which are formed by giving arbitrary 
values to ^, can be expressed by n + 1 such ftmctlons. If 

we have (denoting by R the radical) 

ro %\rr^0d0 [^ sm''^0d0 [^'' mxr^0de 

J, R~^]a^ R "^•••■*'j«(-) R~ 

= (- 1)"^^ sln^ sin^' sln^.-sInr^^J sina' sina",..sIna^"+^>, 

re sin''^^'^^ 0d0 (^ mi^'''^^ 0d0 r0<"^» sln'^'*^")(?rf^ 
^^^ J, — B— ■" I, R +--^ j„c.. —R 

is a rational and integral ftmctlon of the right side of the 
last equation. 
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APPENDIX. 



NOTE (A), p. 8. 

Haedenkamp has deduced by the method of elliptic coordinates the form 
under which Jacobi has presented Abel's theorem, see Crelle, Yol. xxv., 
p. 178. If /(x) is of eren dimensions in a?, Jacobi has, by a slight modifica- 
tion of his demonstration, dedaced the algebraic integrals of the transcendental 
system in this case. Retaining the notation in the text, it follows that 

2 — — ^r I is the coefficient of - in the development of i^7\u . Now if 
aa?i {<p {Xi)\ X {<p {x)\ 

f{x) •= a© + <*i^ +...+ flsma?^ J ^^ coefficient is — a^^ so that the calculations 
in the text being suitably modified, we find 

whence, by integration, ^ = \a^<li {ar) + c j and if we substitute in 

this equation foi <^ {ay) and -j ^/{<^ {aj)] their values in terms of a?!, a^, ... a?m, 

we arrive at an algebraic integral of the transcendental system, which is derived 
from the root or ; {ni — 2) of the remaining roots will furnish the remaining 
independent integrals. 

In this case ^ is no longer an algebraic function of a?!, x^, ...a^^ but becomes 
a circular or logarithmic function of these quantities, and 

x{^-^dx^ x^'^-^dx^ Xn'^-^dxm 

is the differential of a circular or logarithmic function of x^f x^ ... Xn^* 



NOTE (B), p. 68. 

Pdx 



Legendre, I beUere, firat observed that f , ^^.J^^^^ ^, when 

^ ' ' ]4\a + px^ + yar + par + aa?) 

P is a rational function of ar, depends on elliptic functions, Jacobi subsequently 

f sin^0rf6 

remarked that \^rz = — . ^a\ a «« » gnv /. =-75 — r-^^ depends on the 

J J(l — ic2 sm*0) (1 — K^ sm*0) (1 — kV2 sm^O) *^ 

same functions. The remaining conditions given in the text that the first class 

M 
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of hyper-elliptic integrak should be expressed by elliptic fonctioiis are given by 

Ebnigsberger, see CreUef yol. lxyii., p. 77. In a leoent number of M. Brioschi*s 

AnntUi di MathemaUcaf Mr. Gtordan has shewn that if X denotes a sextic fnnc- 

t(a + Bx) da: 
tion whose skew inyaiiant Tanishes, the hyper-elliptic integral I jryz 

depends on eOiptic integrals. This elegant theorem can be thus simply demon- 
strated. If we put X = —, — W- , Pt q, p', j' can be determined so that when 

X is expressed in terms of y, the absolute term and the ooeffident of ^ dis- 
appear. The above integral then takes the form 

(«' + ^y) dy 



i 



^y (1 + 2Xy + A»y*) {I + 2X'y + fi'y^ ' 



but from the given condition, we have 



= 0, (see Salmon's Higher 



0, 1, 

1, X, ft, 

1, V, / 

Algebi^Qf p. 275), whence /u = fi'. If we assume then y ^fi = tf this integral 

is of the form 

(a'' + ^'t) dt 






and ift + - = «, we have ^< + -r = 4(t» + 2), ^/< - -r = J(« - 2) j so that 



^«"* U(t« + 2)"^J(«-2)r ^f~*U(«-2) J(tt + 2)| 

and the integral which we are discussing depends on the integrals 

f du f du i 

)«i(« + 5')(« + A)(» + 2)» ]^{u + g){u + h)(u-2y 



THE END. 
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